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1 Introduction and OverviewThe area of intersection between temporal logic, automata on �nite and in�niteobjects, and classical �rst- or restricted second-order logics is one of considerablerichness. All these areas have long and venerable traditions in mathematics, logic,and theoretical computer science, and their intimate relationships have been re-alised for quite some time. Indeed, automata of in�nite objects were inventedfor the purpose of just answering decidability issues in classical �rst- or restrictedsecond-order logics. However, the area has remained open to new points-of-viewand insights, and very fundamental questions have yet to be both asked and an-swered.The point of departure here is that of programs, the computations that pro-grams give rise to, and logics expressing properties of programs in terms of theircomputations. These notions are far from well determined. Indeed it is one of ourcentral aims to throw light on what are \good" (say, \tractable", or \complete")notions of computation or property. However, having this point of departure ishelpful to cut down what are immense subject areas to more manageable sizes,and it should be kept in mind in the sequel that we raise and answer questionsguided by our judgment of their relevance to our point of departure.The concepts of programs, computations, and their properties come in wideranges of 
avours, dictated, to some extent, by the applications one has in mind.Typically programs are identi�ed with some sort of state transition system thatmay be labelled in various ways to record interaction ports or types, primitiveproperties holding of states, or value assignments to identi�ers. Computationsthen can be viewed as linear runs, traces, or history sequences, or it may beviewed more appropriate to view computations as trees to keep information aboutpossible future or past choices. The choice of properties, then, can be guidedby the desired expressive power, or by algorithmic or proof theoretic manageabil-ity, by model checking concerns, by their relation to program structure, or bytheir \executability". Then we haven't even touched upon issues like real time orsecond-or higher order parameter passing which are getting more and more seriousattention elsewhere in the literature.Our aim here is to chart out some initial features in this vast �eld of choices.Starting from very basic notions we shall be looking at more and more re�ned no-tions of computation and computation property, acquiring in the process an everdeeper understanding of the structure of computations, what constitutes suitablenotions of computation property, and the expressive power and complexity of log-ics that embody those properties. Two parameters push this process. Concreteprogram veri�cation exercises give some information as to the adequacy or other-wise of a given logic. Information of this type must, however, remain partial. Morecomplete analyses can be made by comparing temporal logics with each other, orwith other formalisms. Prime candidates for such external comparisons are �rst-or restricted second-order classical logics, derived, as they often are, in a very nat-ural way by viewing the underlying computation structures as structures in the1



classical sense. A key line of inquiry is thus to answer questions such as: Whichclassical logic does this temporal logic correspond to? Automata have turned outto be highly useful in answering questions of this kind. Of course, the usefulnessof automata in temporal logic is already well established. In particular they havebeen used with very considerable success to produce e�cient decision proceduresfor a large variety of temporal logics, and we shall have occasion to look at somecentral results in this area in the course of these notes. However, it may be usefulto keep in mind that our primary objective is to �nd new ways of throwing lighton the expressive power of various temporal logics and not the issue of e�cientdecidability per se.We start our investigations with a well understood case, namely that of lineartime temporal logic. Here programs are identi�ed with transition systems, andcomputations are taken to be in�nite runs, or traces through transition systems.In this case we have a number of very strong and elegant results that set theagenda for the currently much more open-ended area of branching time logic.For branching time logics it is much less clear what are the \right" concepts ofcomputation, and even less what are the \right" automata or classical theorieswith which to compare expressive power. Due in part to this situation the studyof expressiveness in branching time logic has tended to focus more at comparingtemporal logics with each other rather than with external theories. This situationis re
ected by the later part of the note dealing with branching time logics.2 LiteratureWe only point out here a few background references in these vast �elds. Manyother references are scattered around the note as appropriate to the material.Good texts on automata theory are e.g. [29, 37, 62]. The paper by Thomas inthe handbook of Theoretical Computer Science [55] gives an excellent overviewof automata on in�nite objects. Eilenberg's two volumes [13] are older but moreencyclopedic. In the area of (modal and) temporal logic good background textsare e.g. [30, 56, 21]. For surveys Stirling's paper [51] is highly recommendable.Recommendable too are [15, 39]. Finally, on the topic of classical second-ordertheories, a useful reference is Gurevich's chapter [22].AcknowledgementsColin Stirling helped initiate the writing of these notes. Thomas's handbookchapter [55] provided lots of inspiration. Thanks to David Turner for valuablesuggestions, in particular concerning the expressive completeness proof for lineartime temporal logic with until. 2
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s4Figure 1: Example transition system3 Programs and Transition SystemsWe start by looking at the fundamental concepts of transition systems, how theyare used to give operational semantics to simple programming languages, andconclude with a brief discussion of modal logic in this context.De�nition 3.1 (Transition system) A transition system (TS) is a structureT = (S;!)with1. S a set of states s 2 S, and2. !� S � S the transition relationStates are alternatively known as possible worlds, and the transition relationas the accessibility relation between possible worlds. But lots of other terminol-ogy exists. We usually use an in�x notation for !, writing s1 ! s2 instead of(s1; s2) 2!. Finite transition systems have obvious graphical representations.For instance, the transition system in �g. 1 has four states, s1; : : : ; s4 and thetransition relation has as elements the pairs (s1; s2), (s2; s3), (s2; s4), (s3; s3), and(s4; s1).Examples of transition systems abound in the literature. Just think of au-tomata, rewriting systems, or Kripke models. In many cases some sort of labellingof transitions or states is needed. Labelling states result in modal models.De�nition 3.2 (Modal model) Consider a set of primitive predicate symbols q 2Q. A modal model is a structure T = (S;!; V )with1. (S;!) a transition system, and 3



2. V : q 7! 2S is a valuation mapping q into the set V (q) � S of states forwhich q is assumed to hold.The primitive predicate symbols are known alternatively as propositional vari-ables, or atomic propositional letters, or something in that direction. We normallypresuppose Q to form a countably in�nite set. We give a little example to showhow modal models can be used to give operational semantics to \while"-programsin the style of Plotkin [45].Example 3.3 (while-programs) Assume given a set Ide of program identi�ers.Let i; i1; i2 etc. range over Ide. A rudimentary language of while programs isgiven by the following abstract syntaxBExp ::= Ide = Ide :BExp BExp ^ BExpCmd ::= skip Ide := BExp Cmd;Cmdif BExp then Cmd else Cmd while Cmd do CmdThe set of states S, now, is taken to be the setf(c; �) j c 2 Cmd; � 2 Ide!�n 2g [ (Ide!�n 2)where Ide !�n 2 is the set of �nite maps from Ide to 2 = f0; 1g. The updateoperation �[Ide := n] is de�ned by�[i := n](i0) = ( n if i = i0�(i0) otherwiseNote that � extends in a canonical way to all boolean expressions b 2 BExp bystructural induction:�(i1 = i2) = ( 1 if �(i1) = �(i2)0 otherwise�(:b) = ( 1 if �(b) = 00 otherwise�(b1 ^ b2) = ( 1 if �(b1) = �(b2) = 10 otherwiseWe identify BExp with Q and de�neV (b) = f(c; �); � j �(b) = 1g:We are now in a position to de�ne the transition relation. This we do by a setof inference rules determining! by induction in the structure of commands, forinstance: �(skip; �)! � �(i := b; �)! �[Ide := �(b)]4



(c1; �)! (c01; �0)(c1; c2; �)! (c01; c2; �0) (c1; �)! �0(c1; c2; �)! (c2; �0)�(b) = 1 (c1; �)! s(if b then c1 else c2; �)! s �(b) = 0 (c2; �)! s(if b then c1 else c2; �)! s�(b) = 1 (c; while b do c; �)! s(while b do c; �)! s �(b) = 0(while b do c; �)! �Instead of labelling states it is also possible to label transitions, allowing closeranalyses of issues relating to communication, synchronisation, and control.De�nition 3.4 (Labelled transition system, labelled modal model) Let � be anonempty set of labels, or actions. A labelled transition system (LTS) is a structureT = (S; a!a2�)such that for each a 2 �, (S; a!) is a transition system. A labelled modal model isa structure (S; a!a2�; V ) such that for each a 2 �, (S; a!; V ) is a modal model.Also labelled transition systems abound in the literature. Notable examplesare the many variants of automata, and process algebras such as CCS [42], CSP[28] (or ACP, or LOTOS, or...). Here we give an example based upon CCS forlater reference. We return to the topic of automata later in the note.Example 3.5 (CCS [42]) Assume given a set of names, x; y; z; : : :. An action iseither a name x, a co-name x, or the constant � , a special symbol used to representan unobservable action resulting from the simultaneous occurrence of a name anda co-name. By convention, x = x. � is used to range over actions, l to rangeover actions distinct from � , and L to range over sets of actions with the propertythat � 62 L and if x 2 L then also x 2 L. The language of �nite CCS processexpressions 1 is determined by the following abstract syntaxP ::= 0 �:P P + P P j P PnL X fixX:Pwhere X ranges over process variables. A process, then, is a process expressionwithout free occurrences of process variables.Intuitively, + is used for choice, j for parallel composition, fix for in�niteprocesses, and n for restriction. Thus PnL is meant to prevent P from executingtransitions labelled by actions in L. More formally, processes are given semanticsin terms of labelled transition systems by the following set of rules:��:P �! P1We do not follow Milner's presentation to the letter.5



P �! P 0P +Q �! P 0 Q �! Q0P +Q �! Q0P �! P 0P j Q �! P 0 j Q Q �! Q0P j Q �! P j Q0P l! P 0 Q l! Q0P j Q �! P 0 j Q0 P �! P 0PnL �! P 0nL (� 62 L)P [fixX:P=X] �! P 0fixX:P �! P 0We do not here enter deeper into discussions of the meaning or rationale of theseoperators. For this we refer to Milner's book [42].4 Modal LogicWe start our look at program logics with modal logic. Since we can give oper-ational semantics to programs in terms of transition systems a natural �rst ap-proximation of the notion of computation may be simply some form of transitionsystem together with a distinguished current state. As a language for express-ing properties of transition systems modal logic contains classical propositionalconnectives to express properties of states together with operators for expressinguniversal or existential properties of successors of states along the transition re-lations. Modal logic is thus a natural �rst candidate for a logic for expressingproperties of computations.The language of modal formulas �; 2 F(2) is determined by the followingabstract syntax: � ::= q j :� j �1 ^ �2 j [a]�where q 2 Q and a 2 �. Intuitively, [a]� expresses of a state s that all s0 suchthat s a! s0 satis�es �. To disambiguate we assume [a] to have strongest bindingpower and otherwise adopt standard conventions. Standard abbreviations includeboolean disjunction and the \diamond":� _  �= :(:� ^ : )<a>� �= :[a]:�Also the boolean truth- and falsehood constants > and ? can be de�ned by> �= q _ :q for some arbitrary q, and ? �= :>. In case Q is empty > needs to bespeci�cally introduced. In the unlabelled case where � is a singleton set fag, say,2 (3) is used in place of [a] (<a>). In the case where Q is empty, F(2) is knownalternatively as Hennessy-Milner logic (from [25]).De�nition 4.1 (Semantics of F(2)) Let T be a labelled modal model. Therelation T ; s j= � is de�ned by induction in the structure of � by6



s j= q i� s 2 V (q)s j= :� i� s 6j= �s j= � ^  i� s j= � and s j=  s j= [a]� i� 8s0 if s a! s0 then s0 j= �When the model T is understood from the context we normally abbreviateT ; s j= � by s j= �.Exercise 4.2 (Very easy) Check thats j= � _  i� s j= � or s j=  s j= <a>� i� 9s0 such that s a! s0 and s0 j= �Remark 4.3 Modal logic is a very big and interesting �eld. Look for instance atthe background references given earlier for more information. Very roughly thereare two main issues of contention: Completeness and de�nability. Completeness(in this setting) has to do with axiomatising validity for classes of transition sys-tems: � is valid for the class K if for any T 2 K, any modal model based on T ,and any state s in that model, s j= �. Axiomatising validity (again very roughly)means giving axioms and rules of inference for deriving formulas; such an axioma-tisation is sound and complete for some class if all and only those formulas validfor that class are derivable. A class is axiomatisable if there is a sound and com-plete axiomatisation for it, and an axiomatisation is complete if there is a class forwhich it is sound and complete. Not all classes are axiomatisable (for instance theclass of irre
exive transition systems, i.e. transition systems for which 8s:s 6! s)and not all axiomatisations are complete (for instance Blok, in a landmark paper[3], shows that there are 2@0 modal logics satis�ed by the same class of transitionsystems). De�nability is a di�erent issue: A class K is de�nable if there is a for-mula � such that K is exactly the class of TS's for which � is valid. A formulamay de�ne a class without giving a sound and complete axiomatisation for it, and(vice versa) a formula may (together with a few standard axioms and rules) givea sound and complete axiomatisation for a class without de�ning it.These issues are quite di�erent from the one of primary concern here, namelythe power of formulas in a given logic to express properties relative to a givenmodel. From this point of view modal logic is unsatisfactory, at least if one isinterested in logics for expressing properties of the ongoing behaviour of programsas is the case in concurrency. Consider for instance the property \always q" of astate s: 8s0 if s!� s0 then s0 j= qwhere !� is the usual re
exive, transitive closure of !. This property is inex-pressible in F(2), that is, there is no formula � 2 F(2) such that for all s, s j= �i� s has the property \always q". 7



Exercise 4.4 (Easy) Prove this last statement. The following may be helpful:The modal depth of a � 2 F(2), j�j, is given byjqj = 0j:�j = j�jj� ^  j = max(j�j; j j)j2�j = j�j+ 1The capability of � to \look into" the future of s is bounded by j�j. But \alwaysq" requires an unbounded capability.At this point we then turn to runs and traces through models to look atproperties that depend on behaviour which is in�nite or not bounded into thefuture. But modal logic is not dismissed quite that easily, of course. Addingrecursive de�nitions to modal logic, for instance, causes a dramatic change in itsexpressive power, and we shall have occasion to return to modal logic in theseterms later. Secondly, for sequential programming languages where the transitionrelations a! can be taken to be from initial to �nal states there is no need to lookmore than one step into the future, and modal logic is quite adequate. Hoare logic[27, 2] and dynamic logic [46, 33] are well-known examples of program logics forsequential programming languages based on modal logic.5 Linear Time Temporal LogicOne way of increasing the expressiveness of modal logic is to change the emphasisfrom states to runs, or traces through model. This can be done by a process of\unravelling". This is easiest when models are total, i.e. when for every s there issome a and s0 s.t. s a! s0, so that attention can be restricted to in�nite runs. Thismay be achieved by simply adding an auxillary state (and label, if necessary) tostand for termination.Proviso 5.1 From now on, unless otherwise stated, all models and TS's are as-sumed to be total.De�nition 5.2 (Runs) A run through the model T = (S; f a!ga2�; V ) is an !-sequence r = s0 a1! s1 a2! � � �. For such an r, and i 2 !r(i) = si is the i'th stateri = si ai+1! si+1 ai+2! � � � is the i'th su�x of r (and a run itself)�(r; i) = ai is the i'th label, i > 0 8



If models are not total we will have, in general, to consider both �nite andin�nite runs.Linear time temporal logics are logics of runs (through models). A propertysuch as \always q" can easily be interpreted as a modal property of runs. Forinstance, from a modal model T = (S;!; V ) we can derive the set of modelsfT (r) j r a run through T g where the states of T (r) is the set of su�xes of r,VT (r)(q) = fr j r(0) 2 V (q)g, and r ! r0 if and only if r0 is a su�x of r. Then\always q" is rendered as just 2q with respect to the set of models T (r).However, it is important (for both conceptual and technical reasons) to main-tain the distinction between models and runs through them, and we thereforeintroduce the specialised operator G in place of 2. In fact we shall also re�ne thelanguage of formulas somewhat by introducing nexttime operators a: stating prop-erties of single transitions. Thus the language of linear time temporal formulas�; 2 F(
; G) is determined as follows:� ::= q j :� j � ^ � j a:� j G�The linear time correlate of 3 is derived by F� �= :G:�. In the unlabelled case(which is the more usual one) we use 
 instead of a:.De�nition 5.3 (Semantics of F(
; G)) The relation r j= � for � 2 F(
; G) isdetermined by:r j= q i� r(0) 2 V (q)r j= :� i� r 6j= �r j= � ^  i� r j= � and r j=  r j= a:� i� �(r; 1) = a and r1 j= �r j= G� i� for all i 2 !, ri j= �Then s j= � 2 F(
; G) i� for all runs from s (i.e. with r(0) = s), r j= �.So F expresses \eventually", and as a property of states, e.g. \always q" isrendered simply as Gq.Remark 5.4 Having the nexttime operators around is quite natural in the la-belled case where individual transitions are often regarded as observable, as inthe case of CCS. In the unlabelled case this issue is somewhat more controversial,since one might want formulas to be preserved under stuttering, as in Lamport'sTemporal Logic of Actions (c.f. [35]). This means that if r(0) = r(1) then it oughtto be the case for all � that r j= � if and only if r1(�) which it is not in generalwith 
 around.Exercise 5.5 (Very easy) F(
; G) is not compact (in the sense of 1st order logic).Why? 9



6 Expressiveness of F(
; G)It is instructive at this stage to gain some initial familiarity with the type ofproperties one can express in linear time temporal logic. We give a few examplesbased on [20].Example 6.1 (Partial correctness) Let p be an atomic proposition holding fora state just in case it is terminal. The formulaq1 � G(p � q2)expresses the property that whenever the precondition q1 holds of s and s0 is aterminal state reachable from s then the postcondition q2 holds of s0. This is anexample of an invariance, or safety, property.Example 6.2 (Total correctness) Similarlyq1 � F (p^ q2)expresses that any computation starting in a state satisfying q1 terminates in astate satisfying q2. This is an example of an eventuality, or liveness property.Example 6.3 (Fairness) The notion of fairness comes in many 
avours. One veryweak notion asserts that a continuous holding of a request q1 eventually forces aresponse q2: Gq1 � Fq2. A stronger version states that if a resource is in�nitelyoften requested (q1) then it is eventually granted (q2): GFq1 � Fq2.Exercise 6.4 (Easy)1. A slight strengthening of (the �rst part of) 6.3 could be that if a requestholds almost always then a response will eventually occur. Express this.2. Determine induction principles for G and F .7 Linear Time Temporal Logic with UntilIs F(
; G) expressive enough? One way of answering this question in the negativeis to give examples of properties that we should clearly like to express which arenot expressible in F(
; G).We introduce a new, binary operator U with the semanticsr j= �U i� 9i 2 ! : ri j=  and 8j : 0 � j < i : rj j= �and let F(
; U) be the language(s) with the (labelled) nexttime operator(s) andU . Note that F and G are de�nable byF� �= >U�G� �= :F:� = :(>U:�)10



s0 s1 s2m-1 s2m s2m+1 s3m s4m-1

q2 q21not(q )

.  .  .  . .  .  .  . .  .  .  .Figure 2: Model for proof of Theorem 7.3Example 7.1 (Precedence and strict fairness)1. Precedence: The property that q2 will never hold unless preceded by q1 isexpressible by Pr(q1; q2) �= Fq2 � (:q2Uq1)2. Strict fairness: We can now express a FIFO discipline like \if q1 precedes q2then q01 precedes q02" by Pr(q1; q2) � Pr(q01; q02)Exercise 7.2 (Recommended) Express the following property: Every occurrenceof q2 is preceded by a q1 which happened after the last q2, if any.We already know that F(
; U) is at least as expressive as F(
; G). In fact:Theorem 7.3 (Kamp [32]) F(
; U) is strictly more expressive than F(
; G).Proof: The proof is a modi�cation of a proof by Stirling [51]. Consider the(unlabelled) model of �g. 2. The �gure is to be interpreted thus: The model hasstates s0; : : : ; s4m�1, and the transition relation has the property that si ! sj ifand only if either j = i+1 or j = 4m� 1 and i = 2m. The variable q1 is assumedto hold for all states except s3m, and q2 is assumed to hold for just the states s2m�1and s4m�1. Let r be the uniquely determined run starting in state s0. We showthe following:Claim 7.4 For 0 < i � m and all � 2 F(
; G) containing fewer than i occur-rences of 
, rm�i j= � i� r3m�i j= �Given 7.4 the proof is complete since r j= q1Uq2 and r2m 6j= q1Uq2.The claim is proved by induction in the structure of �. The di�cult case isfor G. We prove yet another little Lemma, stating that as long as the number ofoccurrences of 
 in � is strictly less than i and j � i then r2m�i j= � if and onlyif r2m�j j= �.Exercise 7.5 Prove the last Lemma and, using it, prove Claim 7.4. 211



8 The First-order Theory of Linear OrderIs F(
; U) expressive enough, or can we (and should we) do better? The questionis unclear: How can our answers be measured? Here are a few possibilities:1. At the outset our motivation was properties of interest for computing sys-tems. If we can establish an important property of such systems not ex-pressible in F(
; U) then the issue is clearly settled in the negative. Butwhat if we can not?2. Then some other criteria must be found. Leave personal preference/eleganceof expression aside. These are clearly important features, but macros maybe able to deal with those to a large extent. How about decidability (this isin fact a very important one to many people)? Or, if decidable, the (upper,lower bound of the) complexity of the decision procedure (an important onetoo). But these criteria are still negative.3. One half (the technical one) of the solution is to compare the expressivepower of F(
; U) (or whatever other temporal logic we may be interestedin) with those of other important theories \talking about" the same kindsof structures.For F(
; U) a very strong result would be to show that it is exactly as expres-sive as its meta-language. We then say that, with respect to this meta-language,F(
; U) is expressively complete. For F(
; U), unlike the situation for manyother temporal logics, the meta-language is quite easily identi�ed. It is the �rst-order language F1(<) of the natural numbers under <. Formulas �;	 in thislanguage are generated by:� ::= q(x) j x1 = x2 j x1 < x2 j :� j � ^ � j 9x:�where x ranges over individual variables and q over primitive unary predicates(which we do not distinguish from the atomic propositions of the object logics).Where confusion may otherwise result we use := in place of the syntactical equalitysymbol =. Standard abbreviations such that _, �, and 8 apply. For clarity wegenerally use �;	 to range over formulas in the meta-languages, and reserve �; to range over formulas in the object logics.We assume familiarity with basic notions of �rst-order logic such as free vari-ables, alpha-conversion, substitution, structure. In particular, �(x1; : : : ; xm) is theformula � with free variables among x1; : : : ; xm.De�nition 8.1 (Model, truth, equivalence) A model M for F1(<) is a structure(!;<; V ) such that (!;<) is the natural numbers under the strict less-than or-dering, and for each q 2 Q, V (q) � !. The relation M j=" � where " is amapping assigning a natural number "(n) to each individual variable x, is de�nedby induction in the structure of �: 12



M j=" q(x) i� "(x) 2 V (q)M j=" x1 = x2 i� "(x1) = "(x2)M j=" x1 < x2 i� "(x1) < "(x2)M j=" :� i� not M j=" �M j=" � ^	 i� M j=" � and M j= 	M j=" 9x:� i� exists n such that M j="[x7!n] �In the last clause, "[x 7! n] is the familiar update of " acting like " for argumentsdistinct from x and returning n otherwise. If � = �(x1; : : : ; xm) and M j=" �then we say that � is true in the modelM at instances "(x1); : : : ; "(xm). Formulas� and 	 are equivalent (with respect to (!;<) if for all V and ", (!;<; V ) j=" �i� (!;<; V ) j=" 	; in symbols, � � 	.When discussing F1(<)-models we sometimes refer to an n 2 ! as a pointinstead of a state. Also, because of the nature of F1(<)-models, confusion willrarely result from identifying the point n with the run n; n+1; : : :. We give a fewexample properties expressible in F1(<).Example 8.2 (Properties expressible in F1(<)) We view an F1(<)-model M =(!;<; V ) as determining the underlying F(
; G)-model (!;<; V ). Thus formulasin F1(<) and F(
; G) can be compared by comparing their capacity for describingproperties of (!;<; V ).1. �(x) ^ 8y::(y < x) expresses that �(x) is true (in (!;<; V )) at instance 0.We abbreviate �(x) ^ 8y::(y < x) as �(0).2. x < y ^ :9z:x < z ^ z < y expresses that y is the successor of x.3. 9y:�(y) ^ x < y ^ :9z:x < z ^ z < y expresses that �(x0) is true at pointx+ 1. We abbreviate this as �(succ(x)).4. q(x) expresses that q is true at the x'th point.5. x < y _ x = y expresses that y is greater than or equal to x. This isabbreviated x � y.6. 8y:x � y � �(y) expresses that �(y) is true at any point y greater than orequal to x.7. 9y:x � y ^ 	(y) ^ 8z:0 � z ^ z < y � �(z) expresses that, as viewed fromthe x'th point, �(z) is true until 	(y).In fact we obtain 13



Theorem 8.3 For any F(
; U)-formula � there is an F1(<)-formula �y(x) suchthat for all m 2 !, !m j= � i� �y(x) is true at m(where we (ambiguously) identify ! with the in�nite run 0 < 1 < � � �)Proof: Most of the cases are dealt with in example 8.2. If in doubt complete theproof yourself. 2This Theorem is verifying the intuitive insigth obtained from just inspectingthe de�nition of the satisfaction relations that F1(<) can indeed be viewed as themeta-language for F(
; U). This is not a deep insight. Much deeper (and rathersurprising, perhaps) is the existence of a translation the other way round. In aslightly di�erent setting (of both past and future modalities) this result is due toKamp ([32]). Gabbay et al [20] modi�ed Kamp's result to the present setting offuture time modalities only, and we follow (by and large) their proof.Remark 8.4 There are other ways of establishing related results. Gabbay [19]shows that there i a �nite basis (i.e. that a �nite number of temporal connectivessu�ce) for a given time structure if and only if any �rst-order formula over thatstructure is equivalent to one with a bounded number of bounded variables. Notethat this is a corollary of the present result. Immerman and Kozen [31] shows thisboundedness condition to hold for linear orders (with bound 3).We prove the following Theorem.Theorem 8.5 (Expressive completeness of F(
; U)) For every formula �(x) ofF1(<) there is an F(
; U)-formula � s.t. �(x) is true at 0 if and only if ! j= �.The restriction to the point 0 is evidently needed. This restriction can be liftedby restricting attention to future formulas.De�nition 8.6 (Future formulas) An F1(<)-formula �(x) is a future formula ifall quanti�ers are bounded backwards by x, i.e.1. whenever 8y:	 is a subformula of �(x) then 	 has the form x < y � 	0,and2. whenever 9y:	 is a subformula of �(x) then 	 has the form x < y ^	0.Theorem 8.7 For all future formulas �(x) there is an F(
; U)-formula � s.t.for all m 2 !, !m j= � if and only if �(x) is true at mWe prove this Theorem by successive rewritings of future formulas into normalforms until a point is reached where the translation into F(
; U) is immediate.14



9 Special FormulasThe �rst step is to rewrite any F1(<)-formula into a form which allows attentionlater to be restricted to formulas �(x; y) which depend only on the interval betweenx and y (allowing y =1 and x = �1; these are used only for abbreviations andcan easily be eliminated). The special forms are the sets At(x), Bet(x; y), Bef(x)and Aft(x): At(x) = f(:)q(x) j q 2 Qgwhere the (:)q(x) means the : is optional. The remaining sets are de�ned induc-tively: Bet0(x; y) = ;Betn+1(x; y) = f(:)9z:x < z < y ^ �1 ^ � � � ^ �m j8i:�i 2 Betn(x; z) [At(z) [Betn(z; y)gIn the limit: Bet(x; y) = [n2!Betn(x; y)Bef(x) = Bet(�1; x)Aft(x) = Bet(x;1)De�nition 9.1 (Sequencing formula, special formula)1. The formula � is a sequencing formula of x1; : : : ; xm if � has the formx01R1 � � �Rm�1x0m where each Ri is either := or < and x01; : : : ; x0m is a per-mutation of x1; : : : ; xm. Then � sequences x1; : : : ; xm as x01; : : : ; x0m.2. The formula �(x1; : : : ; xm) is special if it has the form � ^ �1 ^ � � � ^ �k,where � is a sequencing formula of x1; : : : ; xm, � sequences x1; : : : ; xm asx01; : : : ; x0m, say, and each �i is in one of Bef(x01), At(x01), Bet(x01; x02), At(x02),: : :, Bet(x0m�1; x0m), At(x0m), Aft(x0m).Lemma 9.2 Every F1(<)-formula �(x1; : : : ; xm) is equivalent to a formula of theform �1(x1; : : : ; xm) _ � � � _ �k(x1; : : : ; xm)with each �i(x1; : : : ; xm) a special formula.Proof: By induction in the structure of �.(i) � = xi := xj. In this case� � _f�(x1; : : : ; xm) j �(x1; : : : ; xm) special, and�(x1; : : : ; xm) and � are consistentg:15



Here we say that 	1 and 	2 are consistent if the conjunction 	1^	2 has a model.(ii) � = :�0. By the induction hypothesis � is equivalent to a formula of the form:(�01 _ � � � _ �0k) where each �0i is a special formula, of the form, say,�0i = �i ^ �0i;1 ^ � � � ^ �0i;niwith each �0i;j a member of the sets Bef, At, etc. as speci�ed. Then� � ^f:�i __f:�0i;j j 1 � j � nig j 1 � i � kgThe rewriting is completed by replacing each :�i by the disjunction of all �0 s.t.:�i and �0 are consistent and then using the distributive law to rewrite into thedesired format.Exercise 9.3 Fill in the details.(iii) � � 9x:�0. By the induction hypothesis � is equivalent to a formula of theform 9x:Wf�0i j 1 � i � kg with each disjunctive clause of the form�0i = �i ^^f�0i;j j 1 � j � nigwhere x may occur freely in the �i, �0i;j. The existential quanti�er distributes over_, so � � _f9x:�i ^^f�0i;j j 1 � j � nig j 1 � i � kgand it su�ces to rewrite each disjunctive clause.First for the sequencing formulas: Let�i = x01R1 � � �Rmx0m+1and x = x0l. Suppose for simplicity that 1 < l < m + 1. The case where one ofRl�1, Rl (one is always de�ned) is := is left as an exercise, so assume both are <.Then �0i = x01R1 � � �Rl�2x0l�1 < x0l+1Rl+1 � � �Rmx0m+1 is a sequencing formula asdesired.Next for the �0i;j: We can obtain the form9x:�0i � �0i ^ �00i ^ 9x0l:x0l�1 < x0l < x0l+1 ^^f�0i;j j �0i;j 2 Bet(x0l�1; x0l) [At(x0l) [ Bet(x0l; x0l+1)gwhere �00i is the conjunction of all those conjuncts of �0i not in any of the Bet(y; z),At(y) for y or z equal to x0l.The result follows if we can show Betn(y; z) cumulative, i.e. that Betn(y; z) �Betn+1(y; z).Exercise 9.4 (Easy) Show this. 16



It follows that9x0l:x0l�1 < x0l < x0l+1 ^ Vf�0i;j j �0i;j 2 Bet(x0l�1; x0l) [At(x0l) [ Bet(x0l; x0l+1)g2 Bet(x0l�1; x0l+1)and the case is completed.Exercise 9.5 Do the cases for � = xi < xj, � = q(x), � = �1 ^ �2. 210 Decomposition FormulasWe continue to the second intermediate stage of the rewriting.To complete the proof we need only consider special formulas of one freevariable|i.e. a formula of the form � ^ �1 ^ � � � ^ �k where each �i is in ei-ther At(x) or Aft(x). In this case � is vacuous, and any member of At(x) istrivially translatable into F(
; U). It therefore su�ces to consider formulas inBet(x; y) where y may be 1. This is the purpose of decomposition formulas.De�nition 10.1 (Decomposition Formulas) A Decomposition formula �(x; y) isany formula of the form x = y orx < y ^ 9z0; : : : ; zn:(x = z0 < � � � < zn = y) ^Vf�yi (zi) j 1 � i < ng ^Vf8u:(zi�1 < u < zi) �  yi (u)gand in case y =1 we may also have conjuncts of the form8u:9v > u:
yi (v)where the �i,  i, 
i are all members of F(
; U).The normal form Lemma we are looking for is the following.Lemma 10.2 (Decomposition) Every formula in Bet(x; y) is equivalent to a �nitedisjunction of decomposition formulas.Exercise 10.3 (Easy) Establish the expressive completeness result from the De-composition Lemma. 17



Proof: (Of decomposition lemma). If � 2 Bet(x; y) then � 2 Betn(x; y) forsome n. We prove the lemma by induction in n.The base case is trivial.So let n = n0 + 1. Then� = (:)9z:(x < z < y ^ �1 ^ � � � ^ �m)where, say, �1; : : : ;�m1 2 Betn0(x; z)�m1+1; : : : ;�m2 2 At(z)�m2+1; : : : ;�m3 2 Betn0(z; y)By the induction hypothesis every �i can be rewritten into a disjunction of de-composition formulas, and|using distribution of _ over ^ and 9 over _|we cantherefore rewrite � into the form� � (:)_9z:(x < z < y ^ �01 ^ � � � ^ �0m)with each �0i in either �(x; z), At(z) or �(z; y), as appropriate.Exercise 10.4 (Easy) Show that each9z:(x < z < y ^ �01 ^ � � � ^ �0m)can be rewritten into an equivalent decomposition formula.We thus have rewritten � into the form� � (:)_i �iwhere each �i is a decomposition formula. If the : is not present the proof isdone. So assume it is. Then � � Vi :�i.Exercise 10.5 (Recommended) Show that Vj �j is equivalent to a decompositionformula if each �j is.So the remaining part of the proof boils down to the following key Lemma. Note,by the way, that the proof given here di�ers from the sketch given in [20].Lemma 10.6 If � is a decomposition formula then :� is equivalent to a disjunc-tion of decomposition formulas.Proof: For the case y 6=1 it su�ces to consider formulas of the form� = x < y ^ 8z0; : : : ; zn:(x = z0 < � � � < zn = y) �n�1_i=1 �yi (zi) _ n_i=19u:(zi�1 < u < zi ^  yi (u))18



Exercise 10.7 Why?Suppose �rst that� � x < y ^ 8z0; : : : ; zn:(x = z0 < � � � < zn = y) � n�1_i=1 �yi(zi) (1)Then � is equivalent to a disjunction �1 _ �2 where �1 is the disjunction offormulas x < y ^ 9z0; : : : ; zn:(x = z0 < � � � < zn = y) ^Vn�1i=1 �0i(zi) ^ Vni=1 8u:(zi�1 < u < zi) � �00i (u) (2)and �2 is the disjunction of formulasx < y ^ 9z0; : : : ; zm:(x = z0 < � � � < zm = y) ^ 8u:(zi�1 < u < zi) � ?whenever 0 < m < n.For �1 we require that (�0i;�00i ) is identical to either (�yi ; �yi) or (>;?), and that notall (�0i;�00i ) are (>;?). Both �1 and �2 are clearly disjunctions of decompositionformulas.Exercise 10.8 (Recommended) Show that �1 _ �2 implies �.For the other direction we assume that (1) holds. Write this as the sequence(�y1; �y1) � � � (�yn; �yn):Whenever �yi is not required for (1) to hold replace the pair (�yi ; �yi ) by (>;?).This gives a con�guration of pairs (�0i;�00i ). A formula of the form (2) results. Ifthis formula is not true (for given x and y) and x < y then8z0; : : : ; zn:(x = z0 < � � � < zn = y) �Wn�1i=1 :�0i(zi) _ Wni=1 9u:(zi�1 < u < zi) ^ :�00i (u)We thread a chain from x to y which refutes (1). Suppose we have picked zi�1. If�00i = ? then we let zi = zi�1 + 1. But then :9u:(zi�1 < u < zi), a contradiction.Suppose on the other hand that (�0i;�00i ) = (�yi ; �yi). Then there is some zi suchthat :�yi (zi) which we choose and proceed.So assume instead that (1) fails. Then � is equivalent to the disjunction for1 � i � n of the following formulas (which we for readability write partly out inenglish): x < y and there is a chain x = z0; : : : ; zn = y and9u:(zi�1 < u < zi) ^  yi (u)19



and for all m1, m2 s.t. n = m1 + m2 + 1 and �1 and �2, where these last twoformulas have the forms�1 = x < u ^ 8z0; : : : ; zm1:(x = z0 < � � � zm1 = u) �_ � � � __ � � ��2 = u < y ^ 8z0; : : : ; zm2:(u = z0 < � � � zm2 = y) �_ � � � __ � � �We can now use the induction hypothesis and rewrite �1 and �2 into a disjunctionof decomposition formulas, and a simple rewriting then completes the proof.Exercise 10.9 (Easy) Do this.Exercise 10.10 (For the non-quitters) Do the proof for y =1.This completes the proof of the Decomposition Lemma 2And thus also the Expressive Completeness Theorem. 211 Expressiveness of F(
; U ) RevisitedSo in a certain technically precise sense F(
; U) is expressively complete. Thatis, it can express all \desirable" properties, where we understand \desirable" asbe synonymous with \being expressible in the 1st order language of (!;<) withunary predicate constants".But, as Wolper [60] discovered, this does not mean that it is \really" expres-sively complete. Consider the CCS processes determined by the recursive processexpressions X = check:YY = check:X + work:X:A simple synchronous parallel composition 2 k can be de�ned on CCS processesgoverned by the rule P a! P 0 Q b! Q0P k Q fa;bg! P 0 k Q0Consider the process X k Y . The F(
; G)-formulafcheckg:>_ fcheck;workg:>expresses that a parallel subprocess performs the action check. Clearly X k Y j=G(fcheckg:> _ fcheck;workg>). This is true because X j= even(check:>) and2The operation is only needed to make the example compact. A similar, but more lengthy,example can be made in CCS proper without much di�culty20



Y j= odd(check:>) where even� is the property that � is true of all the even states(and possibly also elsewhere), and odd�, similarly, is the property that � is trueof all the odd states (and possibly also elsewhere). However, as Wolper showed,even and odd are not expressible in F(
; U). This observation led Lichtensteinet al [38] to conclude that F(
; U) is insu�cient for modular reasoning.To see that e.g. even is not expressible in F(
; U), let rn be any run with theproperty that whenever i 6= n then rin j= q, and rnn j= :q.Theorem 11.1 (Wolper) Let � 2 F(
; U). If � has no more than n occurrencesof 
 then for all i; j > n, ri j= � i� rj j= �.Proof: By structural induction. Let � = �1U�2 and suppose that ri j= �. Thenrli j= �2 for some l 2 ! and whenever 0 � k < l then rki j= �1. Suppose �rst thatl � i. Then rli = ri�l. If i� l > n then rj j= �2 by the induction hypothesis, so alsorj j= �. If i� l � n then notice that rj�i+lj j= �2 and whenever j�n � k < j�i+ lthen rkj j= �1. It remains to show that rkj j= �1 also when 0 � k < j � n. Butthis follows from the induction hypothesis since ri�(n+1)i j= �1. The case for l > iis left to the reader.Exercise 11.2 (Easy) Complete the proof. 2Corollary 11.3 The property even(q) is not expressible in F(
; U).Proof: For a contradicition suppose � 2 F(
; U) expresses this property, andlet m be the number of occurrences of 
 in �. Pick any k s.t. 2k � 1 > m. Thenr2k j= � i� r2k�1 j= �, and this is impossible. 2So can we extend F(
; U) in a tractable way such that properties such asfor instance even(q) becomes expressible? The answer is yes, and that with aremarkable level of stability. This is summarised by the \equation":F(
; G;8)= F(Reg)(= ETL)= F(
; �)(= �TL)= S1S= !Reg= f! � languages accepted by B�uchi automatag= � � �These equations and the constructions that are involved in their proof form muchof the core material of our subject area, and we shall therefore devote substantialattention to them in the next sections. 21



12 The Linear Time �-calculusWe start our search for tractable extensions of F(
; U) with the linear time �-calculus. This logic is obtained, intuitively, by adding a facility for de�ning newoperators by recursion. To see the rationale for this observe that our familiaroperators G, F , and U satis�es the equationsG� = � ^
G�F� = � _
F��U =  _ (� ^
(�U ))Howewer, these equations do not determine these operators uniquely, for also? = � ^ ?> = � _ >(�U ) _G� =  _ (� ^
((�U ) _G�))However, if an equation X = �(X) has the property that � is monotone in X thenwe can guarantee that � possesses a least and a greatest �xed point.Exercise 12.1 (Easy) Show that G� is the greatest solution of the equation X =� ^
X and that F� is the least solution of the equation X = � _
X. Whichsolution of the equation X =  _ (� ^
X) is �U ? Give even� as a solution ofan equation.The existence of least and greatest �xed points follows from the well-knownKnaster-Tarski �xed point Theorem. It is worthwhile to actually prove this The-orem (in a form which is slightly specialised to �t our purpose). Let P(A) bethe set of all subsets of the set A. A mapping f : P(A) ! P(A) is monotone ifwhenever A1 � A2 � A then f(A1) � f(A2).Theorem 12.2 Any monotone mapping f : P(A)! P(A) possesses a least �xedpoint, �f , and a greatest �xed point, �f .Proof: We give a characterisation of �f as the limit of an increasing chain ofapproximations. For each ordinal � we de�ne the set f";� � A by trans�niterecursion by the clausesf";0 = ;f";�+1 = f(f";�)f";� = [�0<� f";�0 for� a limit ordinalLet then f" = S� f";�. 22



First, a trans�nite induction shows that f";� � f(f";�) for all �. For; � f(;)and for successor ordinals,f";�0+1 = f(f";�0) � f(f(f";�0)) = f(f";�0+1)by the induction hypothesis and monotonicity of f , and �nally for limit ordinals�, f";� = [�0<� f";�0� [�0<� f(f";�) By the induction hypothesis� f( [�0<� f";�) By monotonicity of f= f(f";�):It follows from this that if �0 < � then f";�0 � f";�. Thus, since A is a set, theremust be some ordinal �fix such that f";�fix+1 = f";�fix. Clearly f" = f";�fix, andf" is a �xed point of f . It remains to show it is the least �xed point. But anothersimple trans�nite induction shows that if A0 is any �xed point3 then f";� � A0.Thus also f" � A0, and we are done.The proof for the existence of greatest �xed points is entirely symmetric. Forcompleteness we give the iterative construction of the �xed point:f#;0 = Af#;�+1 = f(f#;�)f#;� = \�0<� f#;�0 for � a limit ordinal 2From the proof of 12.2 we obtain the followingCorollary 12.3 Let f : P(A) ! P(A) be any monotone mapping on a set A.Then �f = f" = TfA0 � A j f(A0) � A0g�f = f# = SfA0 � A j A0 � f(A0)g 2We now turn to introducing a linear time temporal logic with a facility forrecursive de�nitions of properties. Formulas �; 2 F(
; �) are given by thegrammar � ::= q j X j :� j �1 ^ �2 j a:� j �X:�3It su�ces to assume that A0 is a post �xed point such that f(A0) � A023



where X (Y and Z) range over propositional variables. We introduce the abbre-viation a : � as :a::�.The di�erence between variables X and atomic proposition symbols q is thatsemantically X ranges over arbitrary sets of runs whereas q ranges over arbitrarysets of states. This distinction becomes crucially important later, but not so inthe present (linear time) setting. We therefore deal only with variables for thetime being.The intention is to interpret a formula �(X1; : : : ;Xn) as an n-ary mappingon sets of runs, and �X:�(X1; : : : ;Xn;X) as the operator that given sets of runsA1; : : : ; An returns the least �xed point of the mapping�A:�(A1; : : : ; An; A)using an intuitive notation. However, not all such mappings are monotone. Asimple example is the mapping �A::(A). Indeed �A::(A) does not possess any�xed point at all, neither least nor greatest. The standard way of guaranteeing thatmappings are monotone is to impose a syntactic monotonicity condition statingthat for the formula �X:� to be well-formed any occurrence of X in � must bewithin the scope of an even number of negation symbols, and then extending well-formedness to arbitrary formulas  by requiring all subformulas of  of the form�X:� to be well-formed.De�nition 12.4 (Semantics of F(
; �)) The set k�kV for � 2 F(
; �) is de-termined by:kXkV = V (X)k:�kV = k�kV = fr j r 62 k�kV gk� ^  kV = k�kV \ k kVka:�kV = fr j �(r; 1) = a and r1 2 k�kV gk�X:�kV = TfA j k�kV [X 7! A] � AgThen the satisfaction relation is derived by r j= � (with respect to the valuationV ) if and only if r 2 k�kV .In case � is closed (i.e. does not contain any free occurrences of propositionalvariables X) then we write k�k in place of k�kV .Exercise 12.5 (Recommended)1. Show that whenever �(X1; : : : ;Xn) is well-formed then �(X1; : : : ;Xn) deter-mines an n-ary mapping�A1; : : : ; An:k�kV [X1 7! A1] � � � [Xn 7! An]which is monotone in each argument. Conclude that k�kV is well-de�ned.24



2. Show that the greatest �xed point operator �X:� may be de�ned by �X:� �=:�Y::�[X 7! :Y ]. That is, show that with this de�nition the followingcondition is derived:k�X:�kV = [fA j A � k�kV [X 7! A]gWe sometimes use � as a meta-variable ranging over f�; �g.There are formulas that fail the syntactic monotonicity condition but stillpossesses �xed points, even least and greatest ones. The following examples aredue to Banieqbal and Barringer.Exercise 12.6 (Recommended) Consider the formulas1. Y ^ (
X) ^ (

:X)2. Y ^ (
:X)3. Y ^ (
:Y ) ^ (
:X) ^ (

X)4. Y ^X ^ (
:X)Show that (1) has a least and greatest solution ?, that (2) has no solution, thatthe greatest solution of (3) exists and coincide with �Y:Y ^ (
:X) ^ (

X),and that (4) has solutions but no greatest solution.13 A Tableau System for F(
; �)Even though it may seem very natural to describe temporal properties by extremal�xed points, the linear time �-calculus (as other �-calculi) is nonetheless di�cultto use in practice. This is true, in particular, when �xed points alternate.Example 13.1 What is the meaning of the formula �X:�Y:(Z^X)_
Y ? Whatabout �Y:�X:(Z _
Y ) ^
X?Furthermore, proving properties of this logic tends to get bogged down indetails concerning variables, substitution and subformulas. It is helpful to developsome form of proof system for checking whether or not r j= � that can bring outthe intuition concerning least and greates �xed points, namely that1. r j= �X:� if and only if no contradiction is reached by assuming r j= Xwhere X is a solution of the equation X = �2. r j= �X:� if and only if r j= X can be established from the assumption thatX is a solution of the equation X = �25



We present a proof system based on the tableau system for the socalled modal�-calculus due to Stirling and Walker [52]. Closely related approaches are due toStreett and Emerson [53] and Vardi [57].The key idea is to introduce constants U (V , W ) to name occurrences of �xedpoint formulas. In particular, a constant is a �-constant if it names a least �xedpoint formula. Then, to show r j= � it su�ces to check that free variables holdas appropriate on su�xes of r and that no �-constant need be unfolded in�nitelyoften along r. The mechanism that keeps track of the naming of �xed pointformulas is a de�nition list.De�nition 13.2 (De�nition list) A de�nition list is a sequence� = (U1; �1) � � � (Un; �n)such that Ui 6= Uj whenever i 6= j and each �i only mentions constants amongfU1; : : : ; Ui�1g.Let � be as above. Then1. dom� = fU1; : : : ; Ung2. �(Ui) = �i3. For U 62 dom� � � (U = �) �= (U1; �1) � � � (Un; �n)(U; �)4. �� is the extension of � to arbitrary formulas which replace all constants indom� by their de�nitionsFirst, a sequent is an expression of the form r `�;V �. These are the syntacticcorrelates of the satisfaction relation r 2 k��(�)kV . As usual for tableau systemsthe rules are presented as upside down proof rules, as a kind of re�nement rules:r `�;V ::�r `�;V �r `�;V � ^  r `�;V � r `�;V  r `�;V � _  r `�;V � r `�;V � _  r `�;V  r `�;V a:�r1 `�;V � �(r; 1) = ar `�;V a:�r `�;V ? �(r; 1) 6= a26



r `�;V a : �r1 `�;V � �(r; 1) = ar `�;V a : �r `�;V > �(r; 1) 6= ar `�;V �X:�r `��(U=�X:�);V U U 62 dom�r `�;V Ur `�;V �[U=X] �(U) = �X:�De�nition 13.3 (Tableau, true sequent, terminal sequent, partial and total suc-cess)1. A tableau � is a maximal tree obtained from a root sequent r0 `�0 ;V0 �0 bydownwards application of the tableau rules.2. A sequent r `�;V � is true, if r 2 k��(�)kV .3. An occurrence of a sequent r `�;V � in a tableau � is terminal if no tableaurule is applied to it.4. The tableau � is partially successful if all its terminal sequents are true.5. The tableau � is totally successful if it is partially successful, and moreoverthere is no in�nite path r0 `�0;V0 �0...ri `�i ;Vi �i...such that for in�nitely many i, �i is the same �-constant U .Notice that, in relation to De�nition 13.3.5, once U 2 dom�i, for all j � i,�j(U) = �i(U). It is instructive to see why constants are actually needed inthis construction. Consider an alternative tableau system that dispenses withconstants in favour of the simpler unfolding rule:r `V �X:�r `V �[X 7! �X:�]and then translating the condition 13.3.5 to: There is no in�nite path such that forin�nitely many i, �i is the same least �xed point formula �X:�, say. Unfortunately,while this works well for the non-alternating fragment (c.f. [36]) in general theresulting tableau system is incomplete. 27



Exercise 13.4 Show that with the simpli�ed tableau system there is no totallysuccessful tableau for any sequent of the form r `V �X:�Y:((Z ^ 
X) _ 
Y ).Show, on the other hand, that �X:�Y:((Z ^
X) _
Y ) = GFZ.We proceed to establish soundness and completeness of the proper tableausystem. We �rst show a Lemma to the e�ect that each in�nite path througha tableau is in a certain sense characterised by a unique constant, and then weproceed to show soundness and completeness.Lemma 13.5 Let � be any in�nite pathr0 `�0;V0 �0...ri `�i;Vi �i...through a tableau � . Then there is a unique constant U s.t. �i = U for in�nitelymany iProof: We roughly follow [52]. De�ne the degree of �, d(�) in the following way:d(X) = d(:X) = d(U) = 0d(::�) = d(a:�) = d(a : �) = d(�X:�) = 1 + d(�)d(� ^  ) = d(� _  ) = 1 +max(d(�); d( ))and then d(r `�;V �) = ( d(�) if � is not a constantd(�(�)) otherwiseLet � be an in�nite path as above. The subsequence�0 = r00 `�00;V 00 U0; r01 `�01;V 01 U1; � � �consisting of those sequents of � with �i a constant is in�nite.Assume that no constant occurs in�nitely often among U0; U1; : : :.Let i0 be maximal s.t. Ui0 = U0. Thend(r0i0+1 `�0i0+1;V 0i0+1 Ui0+1) < d(r00 `�00 ;V 00 U0)for �0i0+1(Ui0+1) is a strict subformula of �00(U0).Let i1 be maximal s.t. Ui1 = Ui0+1. Similarlyd(r0i1+1 `�0i1+1;V 0i1+1 Ui1+1) < d(r0i0+1 `�0i0+1;V 0i0+1 Ui0+1)So some U must occur in�nitely often among U0; U1; : : : as d(r00 `�00;V 00 U0) is �nite.28



Exercise 13.6 (Easy) Show that U is unique. 2Theorem 13.7 (Soundness) If r `�;V � has a successful tableau then it is true.Proof: Suppose � is a successful tableau for r `�;V � and that r 62 k��(�)kV .We build an in�nite path for which no constant is unfolded in�nitely often, con-tradicting the uniqueness Lemma 13.5.If a node is false then one of its children is false too. Terminals, in particular, aretrue.So we can trace a path in � between r `�;V � and some sequent r1 `�1;V1 U1 forwhich:(i) All nodes (endpoints including) are false.(ii) U1 is a �-constant.(iii) Any constant introduced strictly before U1 fails to have this property.For if no such U1 can be reached some �-constant will be unfolded in�nitely often,and � was assumed to be successful.Using ordinal approximations we can �nd a minimal �1 s.t.r1 62 k��1(�X1:�1)k#;�1V1where �1(U1) = �X1:�1.Transform the subtableau �1 rooted in r1 `�1;V1 U1 of � into a new tableau � �1 byindexing U1 by �1 at the root of � �1 and minimizing (and thus strictly decreasing)every time U1 is unfolded.If a node in � �1 is false then so is one of its children. For the only rule preventingthis is the introduction rule for U1 which is not applied.Hence we can, as before, trace a path in �1 using only nodes that are false in� �1 from r1 `�1;V1 U1 to some other false node r2 `�2;V2 U2 s.t. U2 is introducedstrictly after U1.r2 `�2;V2 U2 is false in �1 too. Pick this path s.t. U2 is introduced as early aspossible.Continuing ad in�nitum builds the desired path. 2Theorem 13.8 (Completeness) If r `�;V � is true then it has a successful tableau.Proof: Suppose r 2 k��(�)kV , and let U1; : : : ; Un be the sequence of �-constantsof � in the order of declaration.For any sequence w = �1; : : : ; �n; 0; 0; : : :, �w is � with each entry Ui = �Xi:�ichanged to �#;�ii interpreted as the expected ordinal approximation.29



The sequence �(r `�;V �) = �1; : : : ; �n; 0; 0; : : : = wis the signature of r `�;V �, if w is lexicographically least s.t.r 2 k��w(�)kVBy always selecting the choice with least signature, r `�;V � can be extended toa partially successful tableau.Exercise 13.9 (Easy) Prove this.To see it is totally successful suppose there is a path from r1 `�1 ;V1 U to r2 `�2 ;V2 Uin � with U a �-constant.Then w1 = �(r1 `�1;V1 U) > �(r2 `�2;V2 U) = w2.For the initial unfolding of U strictly decreases signature. Only the introductionof new �-constants can increase signature, but this will not a�ect the originaldecrease, as the new constant is no longer active once we have reached r2 `�2;V2 U .And the length of the non-zero pre�x of w2 is identical to the corresponding lengthof w1. 214 The Sequential CalculusCorresponding to the expressive completeness result for F(
; U) is there one tobe obtained for F(
; �)? The answer is yes, and the appropriate notion of meta-language for F(
; �) is S1S, the monadic second-order theory of successor, oras it is also known, the sequential calculus. The term \second-order" here means\having quanti�cation over predicate symbols as well as individuals", and the term\monadic" restricts quanti�cation to unary predicate symbols, i.e. sets.The interest in this theory originates with B�uchi [4] who showed it decidable,using automata on in�nite strings. The decidability of other interesting theories,such as restricted �rst-order theories of the reals, are reducible to this theory,for instance by viewing runs as bitstrings. Indeed such reductions were the mainmotivating factor for looking at theories such as S1S in the �rst place. We returnto these issues later.We start, as usual, by introducing the language of S1S.De�nition 14.1 (F2(succ)) Terms t of F2(succ) are given byt ::= 0 x succ(t)Formulas � 2 F2(succ) are given by� ::= X(t) t1 := t2 t < t :� �1 ^ �2 9x:� 9X:�where x ranges over individual variables and X ranges over unary predicate vari-ables (which we do not distinguish from the propositional variables of F(
; �)).30



Models for F2(succ) are the same as models for F1(<). The only di�erence isthat we have to interpret terms and set quanti�cation. For terms the mapping "is extended to arbitrary terms in the obvious way by "(0) = 0 and "(succ(t)) ="(t) + 1. For set quanti�cation we then de�ne(!;<; V ) j=" 9X:� i� exists A such that (!;<; V [X 7! A]) j=" �.Notice that F1(<) is indeed the �rst-order fragment of F2(succ). Showing thisamounts to showing that any �rst-order formula in F2(succ) is equivalent to aformula the terms of which are all variables. But example 8.2 can be used to showhow \composite" terms can be eliminated.Example 14.2 (Properties expressible in F2(succ))1. The formula�1(y) = 9X:X(0) ^ 8x:(X(x) � :X(succ(x))) ^(8x:X(x) � X(succ(succ(x)))) ^ (X(y) � Y (y))expresses even(Y ) in the individual variable y.2. Let �(X)(x) be a formula in the set variable X and the individual variablex. The formula�2(y) = 9X:(8x:�(X)(x) � X(x)) ^(8Y:(8x:�(Y )(x) � Y (x)) � (8x:X(x) � Y (x))) ^X(y)expresses that the least �xed point of the mapping that takes a set A to theset fn j (!;<; V [X 7! A]) j="[x7!n] �(X)(x)g exists and contains y.We obtain:Theorem 14.3 For any F(
; �) formula � over the singleton label set there isan equivalent F2(succ) formula ��.Proof: Use example 14.2. 2Exercise 14.4 (Easy) Generalise 14.3 to arbitrary label sets.The other half of expressive completeness is much more di�cult, and we there-fore shift attention for a while from the linear time �-calculus to S1S.31



15 B�uchi AutomataThe key to proving the containment S1S ) F(
; �) is to prove a kind of normalform Theorem for S1S. Automata serves as such normal forms. We introduceB�uchi automata and prove that they de�ne the same languages as S1S and thelinear time �-calculus.De�nition 15.1 (B�uchi automata) A B�uchi automaton (over a �nite alphabet �)is a nondeterministic �nite automaton:A = (S; s0; f a!ga2�; F )where1. (S; f a!ga2�) is a labelled transition system2. s0 2 S is the initial state3. F � S are the accepting statesThe di�erence between B�uchi automata and usual NFA's is that B�uchi au-tomata accept in�nite strings.De�nition 15.2 (Run, Successful run, Acceptance)1. A run of A on an !-word w 2 �! is a run r s.t.(i) r(0) = s0(ii) for all i � 0, r(i) w(i)! r(i+ 1)Note that only in�nite runs are considered.2. A run r is successful if for in�nitely many i, r(i) 2 F .3. The B�uchi automaton A accepts w if a successful run on w exists.4. The language accepted by A isL(A) = fw 2 �! j A accepts wg5. L � �! is B�uchi recognisable if L = L(A) for A a B�uchi automaton.Example 15.3 The B�uchi automaton on �g. 3 accepts the set of strings over� = fa; bg that contains in�nitely many occurrences of a. The automaton on �g.4 accepts those strings that have an occurrence of a at every even transition.Exercise 15.4 (Easy) Find B�uchi automata accepting the set of strings over � =fa; bg for which 32



a

b

a,bFigure 3: Example B�uchi automaton
a

a,bFigure 4: Example B�uchi automaton1. a and b occurs in�nitely often.2. Between any two occurrences of a there is a even number of occurrences ofb.The aim is to show the following containments where L1 ) L2 should beinterpreted to mean that any set of models/languages de�ned/accepted by a for-mula/automaton in L1 is similarly de�nable in L2:1. F(
; �) ) F2(succ)2. B�uchi recognisable ) F2(succ)3. B�uchi recognisable ) F(
; �)4. F2(succ) � B�uchi recognisableIt follows that all of F(
; �), F2(succ), and the class of B�uchi recognisable lan-guages are equivalent. It must be considered, however, exactly what is meant by\equivalent" here. Previously, in comparing F(
; U) and F1(<), we restrictedattention to models over the singleton label set. Models for F1(<) then coincidedwith runs for F(
; U) up the renaming of states taking r(i) to i. Automata,however, are typically viewed relative to a primitive alphabet �. We reconcilethese views by, for the time being, restricting attention to those cases where each33



a 2 � is a �nite set of propositional, or set variables 4. With respect to a run rthrough an underlying modal model and a �nite set A of propositional variableswe can then identify1. r (for temporal logics) with2. the model (!;<; V ) such that i 2 V (X) if and only if r(i) 2 V (X) andX 2 A (for classical logics) with3. the in�nite string a0; a1; : : : for which ai = fX j i 2 V (X);X 2 Ag (forautomata, and later, grammars).Statement such as \F(
; �)) B�uchi recognisable languages" must thus be viewedwith this representation in mind. That is, whenever A is the set of runs de�nableby a formula in F(
; �) (A = fr j r j= �; � 2 F(
; �)) then the language ofin�nite strings derived from A as above is recognised by a B�uchi automaton.We have already established the containment (1) above and continue to showthe containment \B�uchi recognisable ) F2(succ)".Theorem 15.5 If L � �! is B�uchi recognisable then L is expressible by an equiv-alent S1S-formula �.Proof: Suppose that A = (S; s0; f a!ga2�; F ) accepts L. We give a formula thatholds for an !-word w just in case w is accepted by A. The formula expresses theexistence of sets �0; : : : ; �m s.t. n 2 �i i� at the n'th step, A is in the i'th state.The following formula �(A) will do:�(A) = 9X0 � � �Xm:^f8x:Xi(x) � :Xj(x) j 0 � i � m; 0 � j � m; i 6= jg\fXi j 0 � i � mg a partitioning"^X0(0)\s0 is the initial state"^8x:_fXi(x) ^^fY (x) j Y 2 ag ^Xj(succ(x)) j si a! sjg\Transitions adhere to the transition relation"^_f8x:9y:x < y ^Xi(y) j si 2 Fg\An accepting state is visited i.o." 2Then for the containment \B�uchi recognisable ) F(
; �)".Theorem 15.6 If L � �! is B�uchi recognisable then L is expressible by an equiv-alent F(
; �) formula.4There are other ways of reconciling these views, for instance by keeping the a's primitiveand instead adding for each a 2 � a primitive proposition symbol qa.34



Proof: Let A be a B�uchi automaton with accepting states F = fs1; : : : ; sng andwhenever 1 � i � n let Ai be A with F replaced by the singleton set fsig.Then L(A) = Sn1�iL(Ai).Hence it su�ces to consider automata with singleton acceptance sets.Let A be such an automaton, � � S, and for each s 2 S let Xs be a distinguishedpropositional variable. For each such s and � de�ne the representation of s up tothe set of already visited states �:C(s)� = 8><>: Xs if s 2 ��Xs:Wfa:C(s0)� [ fsg j s a! s0g if s 62 � and s 62 F�Xs:Wfa:C(s0)fsg j s a! s0g otherwiseThen we show that r 2 kC(s);k i� A with initial state s accepts the !-word�(r; 1)�(r; 2) � � �.Exercise 15.7 (Recommended) Complete the proof. 216 !-regular LanguagesTo complete this batch of expressive equivalence results the hardest single stepremains, namely that of showing the S1S de�nable languages to be B�uchi recog-nisable. This result is due to B�uchi [4]. The proof here follows Thomas [55] fairlyclosely. The basic steps are classical, and familiar from the theory of regular lan-guages and �nite automata: Show the B�uchi recognisable languages to be closedunder all the S1S connectives, show them to contain all S1S atomic formulas, anda trivial induction then gives the result.First, however, it is convenient to introduce the notion of !-regular language,and show the equivalence of !-regular languages and B�uchi automaton recofnisablelanguages.De�nition 16.1 (!-regular Language) A language L is !-regular (rational, !-rational) if L is a �nite union L = n[i=1Li �K!ifor Li, Ki regular languages.Theorem 16.2 If L is recognisable by a B�uchi automaton then it is !-regular.35



Proof: For w = a1 � � � an 2 �� let s w! s0 if and only if there are s0; : : : ; sn s.t.s0 = s, sn = s0 and s0 a1! � � � an! snFor later use let also s w!F s0 if a sequence s0; : : : ; sn as above exists with si 2 Ffor at least one si.Then Ws;s0 �= fw 2 �� j s w! s0gW Fs;s0 �= fw 2 �� j s w!F s0gClaim 16.3 Each Ws;s0 , W Fs;s0 is a regular language. 2Exercise 16.4 (Easy) Show this.The !-language accepted by a B�uchi automaton A isL(A) = [s2F Ws0;s � (Ws;s)!:Hence, by 16.3 it is !-regular. 2The converse containment is shown by extablishing the following closure prop-erties of the regular and B�uchi recognisable sets.Lemma 16.5 1. If L � �� is regular then L! is B�uchi recognisable2. If L � �� is regular and K � �! is B�uchi recognisable then L �K is B�uchirecognisable3. If L1;L2 � �! are B�uchi recognisable then L1 [ L2 and L1 \ L2 are B�uchirecognisable.Proof: (1) Let A be a �nite automaton recognising L. Since L! does not contain" we can assume that L does not contain " either. From A can be constructedanother automaton A0 that does not have transitions into the initial state s0. Tobuild the desired B�uchi automaton, A00, add for each transition s0 a! s00 withs00 2 F a transition s0 a! s0 in A00, and let s0 be the single accepting state of A00.Then A00 accepts L!.Exercise 16.6 (Easy) Prove (2) and (3) for [.(3) Finally for \. Let Ai = (Si; s0i; f a!iga2�; Fi) recognise Li for i 2 f1; 2g.An automaton recognising L1 \ L2 can be built by tagging pairs of states (s1; s2)with s1 2 S1 and and s2 2 S2 with either 0, 1, or 2. 0 indicates that no acceptingstate has been met, 1 that an accepting state in A1 has been met and 2 that an36



accepting state in both A1 and A2 has been met. The initial state will thus bethe triple (s01; s02; 0). The transition relation will be determined by the ruless1 a!1 s01 s2 a!2 s02(s1; s2; i) a! (s01; s02; i)s1 a!1 s01 s2 a!2 s02 s01 2 F1(s1; s2; 0) a! (s01; s02; 1)s1 a!1 s01 s2 a!2 s02 s02 2 F2(s1; s2; 1) a! (s01; s02; 2)s1 a!1 s01 s2 a!2 s02(s1; s2; 2) a! (s01; s02; 0)The accepting states of the combined automaton will be all states of the form(s1; s2; 2).Exercise 16.7 (Easy) Verify that the combined automaton does recognise L1 \L2. 2We have thus proved:Theorem 16.8 An !-language L is B�uchi recognisable i� it is !-regular.Proof: By the closure properties just established. 217 Closure Under ComplementThe standard approach to proving closure underr complement by reducing to (easyto complement) deterministic automata will not work.Let A be a deterministic �nite automaton accepting the regular language L ���. As a B�uchi automaton, A accepts w 2 �! just in case in�nitely many pre�xesof w belong to L (and thus lead to an accepting �nal state). That is,L(A) = limL�= fw 2 �! j for in�nitely many i:w(0; i) 2 Lgwhere w(0; i) is the substring w(0) � � �w(i) of w.Not all !-regular languages have this form. LetL = fw 2 fa; bg! j w contains only a �nitenumber of occurrences of ag= (a�b�)b! 37



Assume that L = limK. We obtain n1; n2; : : : s.t.bn1 2 K as b! 2 L = limKbn1abn2 2 K as bn1ab! 2 L = limK... ...and then bn1abn2a � � � 2 limK = L. But this is a contradiction.Moreover, this example shows that the deterministic B�uchi recognisable lan-guage are not closed under complementation. For note thatL = fa; bg! � lim(b�a)�One alternative is to show closure under complement directly. There are otheralternatives, for instance to use automata with modi�ed acceptance conditionsthat does allow determinisation. We return to this issue later.Theorem 17.1 If L � �! is B�uchi recognisable then so is �! � L.Proof: For the proof both L and �! � L will be represented as �nite unionsL1 � L!2 where L1 and L2 are regular languages. The result then follows.The languages L1 and L2 are constructed as congruence classes. A relation ���� � �� is a congruence, if � is an equivalence relation (ie. re
exive, symmetricand transitive) such that whenever w1 � w01 and w2 � w02 then w1 � w2 � w01 � w02.Let now L = L(A). Recall thatW (F )s;s0 = fw 2 �� j s w!(F ) s0gLet then w1 � w2 i� 8s; s0:(w1 2 Ws;s0 i� w2 2 Ws;s0)and (w1 2 W Fs;s0 i� w2 2 W Fs;s0)or equivalently: [w] = \s;s02SfWs;s0 j w 2 Ws;s0g \\s;s02SfW Fs;s0 j w 2 W Fs;s0g \\s;s02Sf�� �Ws;s0 j w 62 Ws;s0g \\s;s02Sf�� �W Fs;s0 j w 62 W Fs;s0gAs each W (F )s;s0 is regular, so is each equivalence class [w].The induced partition is �nite.Moreover, � is a congruence.Say that � saturates L0 � �!, if for all w1; w2 2 ��,[w1] � [w2]! \ L0 6= ; implies [w1] � [w2]! � L038



Lemma 17.2 � saturates L.Exercise 17.3 (Recommended) Show this.Notice that it follows that � saturates �! � L as well. For if[w1] � [w2]! \ (�! �L) 6= ;then [w1] � [w2]! 6� L;so by saturation, [w1] � [w2]! \ L = ;;whence [w1] � [w2]! � (�! � L)so � does indeed saturate �! � L.Suppose now that whenever � saturates L0 thenL0 = [f[w1] � [w2]! j [w1] � [w2]! \ L0 6= ;g (3)This equation holds, in particular, for �! �L. But then �! �L is !-regular, andthe proof is completed. It thus remains to prove equation 3.By saturation, [f[w1] � [w2]! j [w1] � [w2]! \ L0 6= ;g � L0To prove the converse containment let w 2 L0. We de�ne an equivalence relation� on pairs (i; j) with i < j by letting(i; j) � (i0; j 0) i� w(i; j) � w(i0; j 0)As the partition of �� induced by � is �nite, then so is the one on such pairs (i; j)induced by �.Now Ramsey's theorem states that there is an in�nite set H = fi0; i1; : : :g whichis homogeneous, meaning thatthere is a pair (i; i0) such that whenever ik; il 2 H and k < l then (i; i0) �(ik; il).In particular all pairs (ik; ik+1) are in [(i; i0)]�.Then w 2 [w(0; i0)]� � ([w(i; i0)]�)!:The proof of (3), and consequently the Complementation Theorem, is thus com-plete. 239



18 F2(succ) ) B�uchi recognisableWe are now in a position to �nish the proof of expressive completeness.Theorem 18.1 If L � �! is de�nable in S1S then it is !-regular.Proof: First we reduce S1S to a simpler logic S1S0 with formulas generated by� ::= X � Y j succ(X) = Y j :� j �1 _ �2 j 9X:�where succ(X) = Y means \X and Y are singletons fxg and fyg, and succ(x) =y".Let � be any S1S formula. We have already seen how 0 and nested occurrencesof succ can be eliminated. To eliminate < rewrite for instance x < y as8X:(X(succ(x)) ^ 8z:(X(z) � X(succ(z)))) � X(y)Thus � can be rewritten into a form where only atomic formulas of the formsx = y, succ(x) = y and X(x) can occur. To eliminate individual variables let nowX = Y �= X � Y ^ Y � XX 6= Y �= :(X = Y )Sing(X) �= 9Y:Y � X ^X 6= Y ^8Z:Z � X � X = Z _ Y = ZThen we associate to each individual variable a 2nd order variable and rewrite forinstance succ(x) = y as Sing(X) ^ Sing(Y ) ^ succ(X) = Y9x:X(x) as 9Y:Sing(Y ) ^ Y � XCompleting this procedure an equivalent S1S0 formula is obtained.Exercise 18.2 Check out the details.The second, and �nal, step is to show all S1S0 de�nable languages to be B�uchirecognisable. We �rst recall what we mean by S1S(0) de�nable:An S1S0 formula �(X1; : : : ;Xn) is represented as a B�uchi automaton A over thelanguage 2fX1;:::;Xng which is equivalent in the sense that� is true of the model (!;<; V ) if and only ifA accepts the !-word a0; a1; : : :where for all i 2 !, ai = fXj j 1 � j � n ^ i 2 V (Xj)gThe automaton A is constructed by induction on the structure of �.40



Exercise 18.3 (Easy) Show that the languages de�ned by atomic S1S0 formulasare B�uchi recognisable.We have already shown the B�uchi recognisable languages closed under : and_. For 9 we need to show closure under projection. Let A accept the languagede�ned by �(X1; : : : ;Xm;X). The projection of A with respect to X is obtainedby replacing each transition s a! s0 by the transition s a0! s0 with a0 = a \fX1; : : : ;Xmg.Exercise 18.4 (Easy) Show that the projection ofA with respect toX recognisesthe language de�ned by 9X:�.The proof is thus complete. 2To summarise we have now shown that languages de�ned by the linear time�-calculus, S1S, B�uchi automata, and !-regular languages are the same. The mostdi�cult part of this is an induction in the structure of S1S formulas showing thatall S1S de�nable languages are recognised by B�uchi automata. This is a kind ofnormal form Theorem. Indeed, Siefkes [50] used a construction like this to obtaina completeness result for S1S. Of the inductive cases, complementation turned outto be by far the most involved. This need not necessarily be the case. By workingwith formulas in positive form, complementation may be avoided altogether (orat least: restricted to propositional variables)|at the expense of having to dealwith other connectives such as conjunction and universal quanti�cation. Indeed,Dam [11] used such an approach applied to the linear time �-calculus to give adirect proof of the equivalence between B�uchi automata and F(
; �).19 Quanti�ed F(
; G) and ETLAnother couple of equivalent theories deserves mentioning at this stage. Bothwere introduced by Wolper in [60]. First, the language F(
; G;8) is linear timetemporal logic with 
 and 2nd order propositional quanti�cation. An exampleformula is9X:X ^G((Y _
X) � X) ^ 8Z:(G((Y _
Z) � Z)) � (Z � X):It is not hard to see that this formula expresses FY .Theorem 19.1 F(
; G;8) and F(
; �) are expressively equivalent. 2Exercise 19.2 Show this.A second equivalent theory is Wolper's extended temporal logic, ETL. Westarted out from Wolper's observation that even(q) is not expressible in F(
; U).This observation led Wolper to an extension of temporal logic which has, in ad-dition to the boolean connectives, an n-ary operator 
(G)(Y1; : : : ; Yn) for everyright-linear grammar G = (N;T; P;X0) with terminals T = fY1; : : : ; Yng.41



De�nition 19.3 (Right-linear grammars)A context-free grammarG = (N;T; P;X0)is right-linear if every production in P has one of the formsX ! YX ! Y Xfor X 2 N and Y 2 T .For the semantics we de�ner j= 
(G)(�1; : : : ; �n)if and only if there is an in�nite word w generated by G such that for all i 2 !,whenever w(i) = Yj then ri j= �j.Instead of right-linear grammars we could use !-regular languages or B�uchiautomata.Example 19.4 1. The grammar G with productionsX0 ! Y X0expresses GY .2. Consider the grammar G with productionsX0 ! Y1X1X1 ! Y2X2X2 ! Y3X2Then 
(G)(>; �;>) expresses 
�.Exercise 19.5 (Easy) Express U and even in ETL.The following result which is stated without proof is due to Wolper et al [61].Theorem 19.6 ETL and S1S are equally expressive. 220 Applications 1: The Linear Time Fixed PointHierarchyThe expressiveness results obtained so far has a number of interesting conse-quences. We here consider two:1. the linear time �xed point hierarchy, and2. decidability 42



Since alternation of �xed points has so drastic impact on the legibility of for-mulas, it is of interest to consider formulas up to their alternation depth. Let ��n,��n have the properties that1. ��n and ��n are closed under all connectives except � and �2. ��n � ��n+13. ��n � ��n+14. � 2 ��n implies �X:� 2 ��n5. � 2 ��n implies �X:� 2 ��nThe following corollary should be compared with the strictness result for Niwinski's�-calculus [43].Corollary 20.1 Every F(
; �)-formula is equivalent to a formula in ��2.Proof: The representation used in the proof of Theorem 15.6 stays within ��2.221 Applications 2: DecidabilityA major motivation for originally studying B�uchi automata in particular was toprovide decision procedures for theories such as S1S.Theorem 21.1 The emptiness problem for B�uchi automata is decidable. 2Exercise 21.2 (Easy) Prove this.As all the equivalence results (with respect to S1S) proved above involve e�ec-tive translations this entails:Corollary 21.3 1. The equivalence problem for B�uchi automata is decidable.2. The satis�ability and validity problems for S1S, F(
; �) and F(
; G;8) aredecidable.Proof: (1) L(A1) = L(A2) i�(L(A1)� L(A2)) [ (L(A2)�L(A1)) = ;:(2) Rewrite to B�uchi automata and complement, if necessary. 2Of course decidable does not necessarily mean manageable. We return to thisissue later. A couple of other corollaries of the expressive completeness Theoremare worth mentioning: 43



WS1S: The weak monadic theory of successor has 2nd order quanti�cation over�nite sets only. Finite sets may be expressed in S1S by replacing �(X) by \X isbounded and �(X)": (9y:8x:X(x)� x < y) ^ �(X)Presburger arithmetic: This is the �rst order language of ! under addition.The idea is to represent numbers as �nite bitstrings. Then n +m = k is de�nedin WS1S by the formula9c::(c(0)) ^ 8x: (:n(x) ^ :m(x) ^ :c(x) �:k(x) ^ :c(succ(x))) ^(n(x) ^ :m(x) ^ :c(x) �k(x) ^ :x(succ(x))) ^� � �Then the decision problem for Presburger arithmetic reduces to that of WS1S. Byconsidering instead in�nite bitstrings and reducing to S1S it can be seen that alsothe 1st order theory of the reals is decidable.22 ComplexityEven though (for instance) S1S and F(
; �) are expressively equivalent theircomplexities di�er quite dramatically. Let the function tk(n) be de�ned inductivelyby t0(n) = ntk+1(n) = 2tk(n)A language L � �� is elementary-recursive if there is a Turing machine recognisingL in space bounded by tk(n) for some �xed k. We state the following result withoutproof.Theorem 22.1 (Meyer [41]) Satis�ability of formulas in WS1S is not elementary-recursive. 2So even though a decision procedure for WS1S exists, it is in practice utterlyuseless (for general formulas, at least). This result extends to S1S and F(
; G;8)and contrasts with the following:Theorem 22.2 Satis�ability of formulas in F(
; �), emptiness of B�uchi au-tomata, emptiness of !-regular expressions, are all elementary-recursive. 2In fact much sharper upper bounds are known. A couple of examples:44



1. Emptiness of B�uchi automata is logspace complete for NLOGSPACE [?].2. Satis�ability for ETL is PSPACE-complete [60].3. Satis�ability for F(
; �) is decidable in deterministic exponential time (thisfollows from a corresponding result for the modal �-calculus [58].23 DeterminisationWe have already seen that deterministic B�uchi automata are strictly weaker thantheir nondeterministic counterpart. Nevertheless determinisation is a very impor-tant and useful property. It is used in decision procedures for various programlogics such as1. the modal �-calculus [53, 58].2. CTL� [18].and not least the monadic 2nd order theory of the binary tree|which we willreturn to later.So it is of interest to �nd alternative notions of automata for which determin-isation is in fact possible. Three well-known such notions exist, called Muller,Rabin, and Streett automata. In the next few sections we introduce these typesof automata and characterise their descriptive power.24 Muller AutomataDe�nition 24.1 (Muller automata) A Muller automaton is a �nite automatonA = (S; s0; f a!ga2�; F )for which1. each a! is deterministic (ie. for every s and a there is a unique s0 for whichs a! s0)2. F � 2S is a collection of accepting state-sets.An !-word w is accepted by the Muller automaton A as above, if the set ofstates occurring in�nitely often in the unique run r of A on w is a member of F .Then an !-language L � �! is Muller recognisable if it is the set of all !-wordsaccepted by some Muller automaton.Nondeterministic Muller automata have the same power as deterministic ones.We do not consider them further. 45



Theorem 24.2 Every !-language recognised by a deterministic B�uchi automatonis Muller recognisable.Proof: Let A = (S; s0; f a!ga2�; F ) be a deterministic B�uchi automaton. LetFM = fA � S j A \ F 6= ;g. Then the Muller automaton AM = (S; s0; f a!ga2�; FM) recognises L(A). 2Theorem 24.3 The Muller recognisable language are closed under Boolean oper-ations.Proof: IfA = (S; s0; f a!ga2�; F ) recognises L then (S; s0; f a!ga2�; 2S�F ) recog-nises �! � L. If Ai = (Si; s0i; f a!iga2�; Fi) recognises Li, i 2 f1; 2g, then theproduct automaton of A1 and A2 accepts L1 [ L2 where the acceptance set Fcontains all sets A such that either fs1 j (s1; s2) 2 Fg or fs2 j (s1; s2) 2 Fg. 2Theorem 24.4 Any Muller recognisable language is a Boolean combination ofsets limW for W � �� regular.Proof: (Easy|this one is from [55]). Any set limW is recognised by a determin-istic B�uchi automaton, as we have seen, and hence Muller recognisable by Theorem24.2. So any boolean combination of such languages is also Muller recognisable,by Theorem 24.3.Conversely, let A be a Muller automaton recognising L. For each s 2 SA letWs � �� be the regular language accepted by the DFA A modi�ed to having thesingle accepting state fsg. Write L as a Boolean combination of the sets limWs.2 The theorem, due to McNaughton [40], that B�uchi and Muller automata recog-nises the same languages, is the fundamental theorem of the theory of automataon in�nite objects. We have almost shown one direction:Corollary 24.5 Any Muller recognisable language is B�uchi recognisable.Proof: If L is Muller recognisable, L can be written as a Boolean combination ofsets limW . Each limW is B�uchi recognisable, and the B�uchi recognisable languagesare closed under Boolean operations. 2In order to show the converse inclusion we take a detour through some variantsof Muller automata.25 Rabin and Streett AutomataDe�nition 25.1 (Rabin automata) A Rabin automaton is a �nite automatonA = (S; s0; f a!ga2�;
)for which 46



1. each a! is deterministic2. 
 is a �nite set f(RED1; GREEN1); : : : ; (REDn; GREENn)g such that foreach i : 1 � i � n, REDi; GREENi � S.A run r of such a Rabin automaton is accepting, if for some i, 1 � i � n,all states in REDi occur only a �nite number of times in r and some state inGREENi occur in�nitely often in r.Streett automata are similar to Rabin automata, but with the dual acceptancecondition (for all i, 1 � i � n, if some state in GREENi occurs in�nitely often inr then so does some state in REDi).Again there are nondeterministic versions of Rabin and Streett automata, nomore powerful than their deterministic counterparts. No proofs of this will begiven.Theorem 25.2 Any Rabin recognisable language is Muller recognisable.Proof: Suppose that L is recognised by the Rabin automaton (S; s0; f a!ga2�;
)and that 
 = f(RED1; GREEN1); : : : ; (REDn; GREENn)g. Let Wi be the regu-lar language recognised by the �nite automaton (S; s0; f a!ga2�; GREENi) andW 0ibe the regular language recognised by the �nite automaton (S; s0; f a!ga2�; REDi).Then L = n[1�i(limWi \ (�! � limW 0i ))Each set limWi (limW 0i ) is recognised by a deterministic B�uchi automaton, andhence by a Muller automaton, by Theorem 24.2. By Theorem 24.3 then so is L.226 The Subset ConstructionMcNaughton's Theorem is consequently proved once we show that any B�uchirecognisable language is recognised by a Rabin automaton. The proof given hereis due to Safra.First it is instructive to consider why the usual subset construction fails. Con-sider the B�uchi automaton A1 of �g. 26. Replacing states by sets of states andthe transition relation by its determinised version we obtain A2 of �g. 26. Clearlywe cannot take as accepting those states of A2 containing an accepting state inA1, as for the �nite case. For then fs0; s1g becomes erroneously accepting. Analternative strategy tries to mark states, as they are encountered. When accept-ing states are encountered, they are marked. Also successors of marked states aremarked. When all members of a state set are marked that state set is deemedto be accepting, and the marking of its members reset. This is �ne for A1, butconsider A3 of �g. 26. Applying the subset construction to A3 gives A2 again,47
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but according to the marking strategy no state-sets will be marked.What we really should do is after looking at fs0; s1g some �nite amount of time,discard s0 and go on with the remainder|which would in this case be triviallyaccepting.27 Safra's ConstructionThe way Safra's construction does this is by maintaining each state in the deter-minised version as a tree of subsets, such that when looking at fs0; s1g a child iscreated labelled fs1g, and then the state labelled by this tree is accepting wheneither all members of fs0; s1g has been marked, or the same holds for fs1g.Let A = (S; s0; f a!ga2�; F ) be the given B�uchi automaton. We construct theRabin automaton AR = (SR; sR0; f a!Rga2�;
)States of AR are ordered trees labelled with subsets of S, and satisfying the con-ditions:1. The union of labels of the children of a node v is a proper subset of the labelof v,2. Two nodes that are not ancestral have disjoint labels.Furthermore each node is coloured either white or green to code up acceptance.Note that the size of each such tree is bounded by n = j(S)j. For the setlabelling each node v contains a state s 2 S which belongs only to ancestors of v.The initial state sR0 is the tree containing a single node labelled by fs0g,coloured white.The deterministic transition relation a!R transforms a tree by the followingsequence:1. Set the colour of all nodes to white2. Whenever � labels v and � \ F 6= ; create a new rightmost child v0 of vlabelled � \ F and colour it white3. If v is labelled by �, replace � by [s2�fs0 j s a! s0g and keep the colouringunchanged4. If both v and v0 contain s and v0 is a left sibling of v, remove s from the setlabelling v5. Remove all nodes labelled by ;6. If the union of labellings of the children of v is equal to the labelling of vitself, remove all descendants of v and colour v green49



The application of the deterministic transition relation thus involve both creationand deletion of nodes.Naming, �rst policy: To de�ne acceptance we �rst identify nodes by aunique name drawn, say, from !. Then a state in AR, consisting of a labelled,coloured, and named tree as above, is accepting if one of its nodes are green. Thisis the B�uchi acceptance condition.Naming, second policy: However, this will not bound the number of states,and thus a �nite representation is needed. Instead we draw names only from theinterval 1 to 2n. All states in AR uses at most n names, as we saw. When creatingnew nodes any number in this interval not already used can be taken. At mostn new numbers are needed at every transition. The removal of nodes cuts downthe number of nodes in the new state to at most n. For acceptance it must be thecase that1. Node i exists and is green in�nitely often2. Node i exists almost alwaysThis gives a Rabin acceptance set 
 of size linear in n:
 = f(REDi; GREENi) j 1 � i � 2ngfor which REDi is the set of trees for which node i does not exist, and GREENithe set of trees for which node i is greenExercise 27.1 Verify that the two naming strategies with their acceptance con-ditions are equivalent.In view of this it su�ces to consider the simpler �rst policy when provingcorrectness.Theorem 27.2 L(A) = L(AR)Proof: We �rst show that if AR accepts w 2 �! then so does A. Assume thenthat a (uniquely named) node v is green in�nitely often in a run of AR. Leti1 < i2 < � � � be the positions at which v is green, and let i0 = 0 < i1. Let �j bethe label of v at position ij.Exercise 27.3 (Recommended) Show that whenever s0 2 �j+1 then there is somes 2 �j and a path of A on w(ij; ij+1) from s to s0 which visits an accepting state.Construct now a tree of pairs (s; j) with s 2 �j with (s0; j + 1) a child of (s; j)just in case some path as above exists. This is a �nitely-branching, in�nite tree.Hence, by K�onig's lemma, it has an in�nite branch. This branch represents anaccepting run of A.Assume conversely that r is an accepting run of A on w. At every stage theroot ofA2 contains the corresponding state ofA. It is consequently never removed.50



If the root is green in�nitely often we are done. So assume not. Let then i be leastsuch that the root from stage i onwards is never green, and r(i) is accepting.At this point r(i) is placed in a child of the root. The state of r from i onwardscan be moved to a left sibling, but this can only happen a �nite number of times.So from j � i onwards the state of r is a member of the same child of the root.Unless, of course, a child containing the state of r is after i some time removed. Butthat's impossible. If this child is in�nitely often green then we're done. Otherwisean accepting member of r is eventually placed in the next level, and the argumentcan be repeated.As the depth of the tree is �nite, some node must eventually become greenin�nitely often, concluding the correctness proof. 2We have consequently proved:Corollary 27.4 (McNaughton [40]) A language is !-regular i� it is Muller recog-nisable (i� it is B�uchi recognisable i� it is Rabin recognisable).The reason why this proof is particularly interesting among the many proofsof this theorem is that the complexity of the construction is essentially optimal:The number of states in the Rabin automaton is bounded both above (by theconstruction, see [48]) and below by 2O(2log2). We do not go into details.28 An Application: WS1SMcNaughton's theorem can be used to show the expressive power of S1S andWS1S to be equivalent. We have already seen that the �nite set quanti�ers arede�nable within S1S, so only the converse inclusion must be shown. The proof ofthis relies on a �nitary version of B�uchi's theorem.Theorem 28.1 (B�uchi 1960,Elgot 1961) A language L � �� is regular i� it isde�nable in S1S interpreted over �nite words. 2The proof of this is very similar to the proof of the in�nite case. It involves�rst rede�ning the interpretation of S1S formulas. Variables are limited to rangeover existing positions, the successor operation must be modi�ed, and the emptyword handled.We must then show that this �nite interpretation of S1S encodes �nite runsof NFA's. The result then follows by a bit of rewriting, and then using the well-known closure properties of regular languages. But then every regular language isalso de�nable in WS1S, similarly modi�ed.Theorem 28.2 S1S and WS1S de�ne the same !-languages.51



Proof: By McNaughton's theorem every !-regular language is equivalent to aBoolean combination of sets limW . We �nd a WS1S formula � de�ning W wheninterpretations are over �nite words.By relativising each quanti�er in � to x (i.e. replacing 8y:�0 by 8y:y < x � �0etc) we obtain a WS1S formula �0(x) de�ning the language of !-words w for whichw(0; x) 2 W . But then limW is de�ned in WS1S by 8x:9y:x < y ^ �0(y). 229 Star-free Regular ExpressionsAn expressive completeness proof similar to the one we have been giving forF(
; �) with respect to F2(succ) is quite feasible also for F(
; U) with respectto F1(<), even though we have preferred here the proof of Gabbay et al [20]. Herewe merely state the results for reference.De�nition 29.1 (Star-free regular expressions, languages) A star-free regular ex-pression is an expression built up using ;, alphabet symbols a 2 �, concatenation,union, and complementation with respect to ��. A star-free language is a languagegenerated by a star-free regular expression.We obtain the following result (c.f. Thomas [55]) extending the expressivecompleteness result for F(
; U) which we have already proved:Theorem 29.2 The following conditions are equivalent for an !-language L ���:1. L is de�nable in F(
; U).2. L is de�nable in F1(<).3. L is a �nite union of sets L1 � L!2 where L1;L2 � �� are star-free.4. L is a �nite union of sets limL1 \ (�! � limL2) where L1;L2 � �� arestar-free.5. L is obtained from �! by nested applications of boolean operations and con-catenation with star-free languages to the left. 230 Linear Time Logics: Extensions and Varia-tionsWe have almost completed our round of linear time temporal logics and givenample evidence that the expressive power of F(
; �) is indeed natural and stable,and in some sense also necessary. Whether at the end of the day it is su�cient ismuch less clear. 52



Sticking to the linear time structure (!;<) there are trivially extensions ofS1S that are strictly stronger. The line is traditionally drawn where decidabilitystops. Some predicates such as \is a power of k", \is a factorial" can be added.The doubling function can not.We have already considered some linear time structures other than (!;<) suchas the �rst order theory of the reals under addition. Within linear time logic pasttime operators have been considered extensively.1. It is the setting generally considered in Tense Logic (c.f. [7]).2. Expressive completeness results for F(
; U) extend to the language withalso the past time versions \previous" and \since" with respect to the �rst-order theory of the integers [32].3. Vardi [57] considers the linear time �-calculus with \previous", but inter-preted over !. This language is no more expressive than F(
; �) (Exercise:Show this) but the addition of past time operators can be argued to be bet-ter suited for compositional reasoning, in particular as the procedure foreliminating past time connectives may be prohibitively costly.4. Results similar to the above for the second order monadic theory of theintegers (Z; <) can be obtained using automata-theoretic techniques.The technique we used for proving expressive completeness for F(
; U) hasits roots with Shelah [49] (see also [22]). The methods introduced by Shelah havebeen used to prove decidability and undecidability for a variety of orderings and,most notably:Theorem 30.1 (Shelah 1975) The monadic theory of (R; <) is undecidable. 231 Branching Time LogicsA new dimension is added when formulas are allowed to talk not only of propertiesof positions in a single run, but also to examine the branching structure of models,for instance by quantifying over runs passing through a given state, or, as inmodal logic, quantifying over possible next states. This adds very considerablerichness, since there is much more variability in the fundamental notions suchas what are the \right" underlying notions of model, and what are the meta-languages with which to compare expressiveness. Partly for this reason answersto questions of expressiveness have tended to be much less de�nitive than forlinear time logics, and also comparatively more emphasis has been put on theinterrelationship between di�erent branching time logics, than on the relationshipwith e.g. �rst or second-order classical theories. This change of emphasis isre
ected in the remaining parts of the note.53



A general notion of model appropriate to a branching time setting consists of amodal model (TS/LTS/labelled modal model) together with a set of in�nite runsthrough it.De�nition 31.1 (Branching time structure) A branching time structure is a struc-ture T = (S; f a!ga2�; V;R)where1. T 0 = (S; f a!ga2�; V ) is a labelled modal model, and2. R is a set of runs through T 0Notice that the proviso concerning totality of model remains in force so thatattention can be restricted to in�nite runs. The set R of runs serves to delineatethe sets of runs over which formulas can quantify: These may for instance be allruns satisfying a given fairness constraint, given by a suitable criterion such as alinear time temporal formula, or an automaton-like acceptance condition.A particularly important class of branching time structures are obtained whenR is the set of all runs through its underlying transition system. If that is thecase T is said to be R-generable. The following characterisation of the R-generablestructures is due to Emerson [14].Let � = s0 a1! � � � an! sn be a �nite, and r = sn an+1! � � � an in�nite run. Thenthe concatenation of � and r is the (in�nite) run� � r = s0 a1! � � � an! sn an+1! � � �De�nition 31.2 (Su�x, fusion, limit closure) The set R is said to be1. Su�x closed, if r 2 R implies r1 2 R,2. Fusion closed, if r1; r2 2 R and r1(i) = r2(j) implies r1(0; i) � rj2 2 R,3. Limit closed, if whenever there is for any i an (in�nite) run �i s.t. r(0; i) � �iis de�ned and a member of R, then r 2 R.Theorem 31.3 R is su�x, fusion, and limit closed i� there is an R-generablebranching time structure T with set of runs R.Exercise 31.4 Prove this. 54



32 CTL�The �rst branching time logic we consider, called CTL�, is obtained by adding path(run) quanti�ers to F(
; U). We deal (until further notice) only with branchingtime structures that are su�x-closed. This restriction can easily be lifted.Formulas of CTL� are generated, consequently, by the following grammar:� ::= q j :� j �1 ^ �2 j a:� j �1U�2 j E�The usual de�nitions apply, and moreover we de�ne A� �= :E:�.For the semantics, given a �xed branching time structure, we add to the sat-isfaction clauses for F(
; U) the conditionr j= E� i� 9r1 2 R: r(0) = r1(0) and r1 j= �We see that, like propositional variables, the holding of a quanti�ed formula suchas A� depends only on the current state, and not the on the run in its entirety.Re
ecting this many presentations of CTL� maintain a distinction between state-and path-formulas: 
 and U builds path-formulas, propositional variables andthe path quanti�ers build state-formulas, and both path- and state-formulas areclosed under boolean connectives. For state-formulas � we can de�ne a derivedsatisfaction condition bys j= � if and only if for all r with r(0) = s; r j= �and then for � a state-formula, r j= � if and only if r(0) j= �.CTL� was introduced originally by Emerson and Halpern [16] to provide a uni-form framework in which the relationship between linear time and branching timelogic could be investigated. This issue was brought to the forefront by Lamportin his [34] who showed a simple linear-time and a simple branching time logic tobe expressively incomparable, prompting the invention of CTL� to investigate thestatus of Lamports observations.Comparing with linear time logic the most important feature of CTL� from apractical point of view is its capacity to express alternating path quanti�cationsuch as AGEFq meaning that \at all future points it is possible to reach a statewhere q holds". To get a deeper feel for the expressive power of CTL� it is useful tocompare it �rst with some of its less expressive sublanguages. To compare linearand branching time formulas in terms of their capacity to express properties ofstates we view linear time formulas as universally quanti�ed over paths.De�nition 32.1 (LTL) Let LTL be the sublanguage of CTL� consisting of allformulas of the form A� where � 2 F(
; U).On the other hand we can de�ne a sublanguage of socalled pure branchingtime formulas by disallowing nesting of linear time connectives so that the basicmodalities take the form e.g. AF . 55



De�nition 32.2 (CTL) Let CTL be the sublanguage of CTL� consisting of allformulas of the form � with the property that any linear time subformula (formulaof the form �1U�2 or a:�) is immediately preceded by a path quanti�er.CTL was introduced by Clarke and Emerson [9]. A number of other sublan-guages of CTL� have been introduced over time (c.f. [15]). Here we mentiononly one other variant which we refer to as CTL(^;:) which relaxes CTL byallowing boolean combinations of linear time formulas before path quantifying,but not nesting. Trivially all three sublanguages, LTL, CTL, and CTL(^;:) arecontained in CTL�. We show that in all cases the containment is strict, that CTLand LTL are incomparable in expressive power, and that CTL(^;:) equal to CTLin expressive power.33 Limits of LTLWe prove Lamports result using a simple proof of Clarke and Draghiescu [8]. We�rst characterise those CTL� properties that are expressible in LTL.For simplicity let until further notice j�j = 1.For a branching time structure T and r 2 RT let T (r) be the single-pathstructure T (r) = (Sr;!r; Vr;Rr)whereSr = fri j i 2 !g,!r= f(ri; ri+1) j i 2 !g,Vr(q) = fri j ri(0) 2 V (q)g,Rr = f(ri; ri+1; : : :) j i 2 !gLet � be a CTL� formula. Then �d is the F(
; U)-formula obtained by deletingall path quanti�ers from �.Exercise 33.1 (Easy) Show that r j=T (r) � i� r j=T (r) �d.Lemma 33.2 Let � be a CTL� formula. Then � is expressible in LTL i� � andA�d are equivalent.Proof: Let � and A ,  2 F(
; U) be equivalent. We haver j=T �i� for all paths r0 s.t. r(0) = r0(0); r0 j=T  i� for all paths r0 s.t. : : : ; r0 j=T (r0)  i� for all paths r0 s.t. : : : ; r0 j=T (r0) A 56



q not(q) qFigure 8: Model T refuting CLT ) LTLi� for all paths r0 s.t. : : : ; r0 j=T (r0) �i� for all paths r0 s.t. : : : ; r0 j=T (r0) �di� for all paths r0 s.t. : : : ; r0 j=T �di� r j=T A�d 2Theorem 33.3 The CTL-formula AFAGq is not expressible in LTL.Proof: Consider the R-generable model T given in �g. 8. Let r be any runthrough T . Then r 6j= AFAGq but r j= A(AFAGq)d. 234 Limits of CTLWe give a proof due to Emerson [15]. Inductively construct the sequences ofmodels M1;M2; : : : and N1; N2; : : : as in �g 9. Clearly in all Ni, si j= AFGq whilein Mi, si 6j= AFGq. On the other hand we can easily showLemma 34.1 Whenever i is greater than or equal to the length of � then in Ni,si j= � if and only if si+1 j= �, and ti j= � if and only if ti+1 j= �.Proof: A simple induction in the structure of � 2With this Lemma in place we can then showLemma 34.2 Whenever i is greater than or equal to the length of � then si j= �in Mi if and only if si j= � in Ni, and ti j= � in Mi if and only if ti j= � in Ni.Proof: Another little induction in the structure of �. 2We have thus proved:Theorem 34.3 AFGq is not expressible in CTL. 2We have thus proved that both LTL and CTL are strictly contained in CTL�,and that LTL and CTL are of incomparable expressive power. We conclude thesection by showing that no expressive power is gained by allowing boolean com-binations of linear time connectives, as long as they are not nested.57
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Theorem 34.4 CTL and CTL(^;_) are of equal expressive power.Proof: We give rules to rewrite each formula in CTL(^;_) into a form whereall occurrences of the existential path quanti�er are applied to subformulas whichare conjunctions �1 ^ � � � ^ �n and all �i have a linear time outermost connective.The rules are the following:E::�! E�E:(� ^  )! (E:�) _ (E: )E:
 �! E
:�E:(�U )! (EG: ) _ E(: U(:� ^ : ))E:�! :� whenever � is a state-formulaE(� ^  )! � ^ E whenever � is a state-formulaE(� ^  )! E� ^  whenever  is a state-formulaE(::� ^  )! E(� ^  )E(:(� ^  ) ^ 
)! E(:� ^ 
) _ E(: ^ 
)E(:
 � ^  )! E(
:� ^  )E(:(�U ) ^ 
)! (E((G: ) ^ 
) _ E((: U(:� ^ : )) ^ 
)The last four rules have symmetric versions too. Then the rewrite procedure iscompleted by applying the following rules to �rst push out all occurrences of
 andthen iterating the rewrite procedure until, �nally, conjunctions of until-formulascan be removed:E((�U ) ^ 
)! E(( _ (� ^
(�U ))) ^ 
)E(
� ^
 )! E
 E(� ^  )E((�1U 1) ^ (�2U 2))!E((�1 ^ �2)U( 1 ^ E(�2U 2))) _ E((�1 ^ �2)U( 2 ^ E(�1U 1)))The last two rules are given in binary form only. However, suitable generalisationsare easily obtained. 259



35 Extensions of CTL�Just as F(
; U) could be argued to be too weak in the linear time case, so CTL�can be argued to be too weak in the branching time case. For instance, CTL� isincapable of expressing a property such as Aeven(q). Any of the solutions adoptedin the linear time case can conceivably also be adopted in the case of CTL�. A�rst solution to spring to mind may be a �xed point extension of CTL�. Exactlyhow this is to be done may be less obvious. Adding extremal �xed points withoutany restrictions (other than the familiar syntactic monotonicity condition) resultsin a logic which is at this date hardly understood at all, and we leave this asa di�cult but also exciting issue for future work. A less ambitious route is torestrict �xed points such as to allow the formation of �xed points �X:� only whenno occurrence of X is within the scope of a path quanti�er in �. Using automatathis logic can be given an expressively equivalent but more compact formulation.Such an extended version of CTL�, called ECTL�, can be presented as follows:Formulas of ECTL� are generated by� ::= q j :� j �1 _ �2 j E(A; �1; : : : ; �m)where A is a B�uchi automaton over alphabet f0; 1gm.For the semantics, intuitively r j= E(A; �1; : : : ; �m) if and only if there is arun r0 which corresponds through the assignment �i 7! i to an !-word acceptedby A. This correspondence is made precise in the following way: w is determinedby for all i 2 ! letting w(i) = (i1; : : : ; im) i� r0i j= �ij for each j, 1 � j � m.In somewhat di�erent forms ECTL� was introduced by Vardi and Wolper [59]and Clarke et al [10]. The version given here follows Thomas [54].Theorem 35.1 ECTL� is strictly more expressive than CTL�. 2Exercise 35.2 (Recommended) Show this.36 The Modal �-calculusAn on the face of it quite di�erent way of entering branching time is by addingextremal �xed points to modal logic just as we did for linear time logic. Therationale remains the same.Example 36.1 The CTL formula AGq can be characterised as the greatest �xedpoint of the equation X = q ^ 2Xand the CTL formula E(q1Uq2) can be characterised as the least solution of theequation X = q2 _ (q1 ^3X):60



Syntactically, formulas of the modal �-calculus, L�, are given by the grammar� ::=X :� � ^ � [a]� �X:�The semantics is determined as in def. 12.4 with the only di�erences that formulasdenote sets of states rather than runs, and that the \box" is interpreted as in modallogic, by k[a]�kV = fs j 8s0:if s a! s0 then s0 2 k�kV g:Most properties of F(
; U) described in sections 12 and 13 transfer to L� withminimal changes. In particular, L� has a sound and complete tableau systemwith sequents of the form s `�;V � which is obtained from the tableau system forF(
; �) by just replacing the rules for the next-time operator with the rules:s `�;V <a>�s0 `�;V ? s a! s0s `�;V [a]�fs0 `�;V � j s a! s0gNotice that in general the rule for [a] is in�nitary.With example 36.1 in mind it is clear that L� quali�es as a branching timetemporal logic. What may be less clear is that it is in fact highly expressive, strictlyincluding both CTL� and ECTL�. In [12] direct translations of both CTL� andECTL� are given. However, just to establish the expressiveness result it is, in viewof Theorem 35.1, su�cient to consider ECTL� the translation of which is actuallythe simpler of the two.Since variables can be translated as variables, negations as negations, andconjunctions as conjunctions, it su�ces to consider ECTL� formulas of the formE(A; �1; : : : ; �m). Moreover, each �i can be assumed to be a propositional vari-able Xi. Additionally, if the acceptance set of A is fs0; : : : ; skg and each Ai,0 � i � k, is obtained from A by replacing F by fsig then the translation ofE(A;X1; : : : ;Xm) can start by rewriting into the disjunctionE(A0;X1; : : : ;Xm) _ � � � _ E(Ak;X1; : : : ;Xm):It thus su�ces to consider formulas of the form E(A;X1; : : : ;Xm) where A hasexactly one accepting state. For such formulas we build a tree in a rather straight-forward fashion, re
ecting the state transition structure of A, and the constructiontranslating such formulas into L� is then essentially the same as in the proof ofTheorem 15.5. We thus obtain:Theorem 36.2 For R-generable models, L� is at least as expressive as ECTL�.2Exercise 36.3 Complete the proof of this statement.61
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37 S2S - the Monadic Second Order Theory ofthe Binary TreeWe now turn to expressiveness results with respect to classical theories and au-tomata in the style of S1S and B�uchi automata. In contrast to the situationfor linear time logic, for branching time logic largely only incomplete results arecurrently known.One di�culty is identifying a suitable candidate meta-language with which tocompare. The classical choice is Rabin's extension of B�uchi's sequential calculusto the in�nite binary tree, S2S. Rabin, in a landmark paper [47], proved thistheory decidable using automata on in�nite binary trees. Many branching timetemporal logics (such as CTL� or L�) can be reduced to S2S while preservingsatis�ability. Thus Rabin's decidability result can be used to show decidability ofthese logics. However, as S1S, S2S is non-elementary. A computationally moree�cient approach is to reduce to the corresponding tree-automata, c.f. [17, 58].We conclude the tutorial with a look at S2S and tree automata and surveysome of the expressiveness results currently known.The language of S2S is the monadic second-order language of two successorfunctions. For the syntax, terms, ranged over by t, are generated byt ::= x j " j t0 j t1where x ranges over individual variables. Here " is intended to be the empty word,t0 the �rst, or left, successor of t, and t1 the second, or right. Formulas � aregenerated by� ::= t 2 X j t1 = t2 j t1 < t2 j :� j �1 _ �2 j 9x:� j 9X:�where the usual abbreviations apply.For the semantics, a model for S2S is a labelled binary tree:(f0; 1g�; "; succ0; succ1; <; q1; : : : ; qn)where1. " is the empty word,2. succi(w) = wi, i 2 f0; 1g and w 2 f0; 1g�,3. < is the pre�x relation on f0; 1g�,4. q1; : : : ; qn � f0; 1g�Exercise 37.1 (Recommended) Express in S2S:1. " is the empty word, 63



2. succi(w) = wi, i 2 f0; 1g and w 2 f0; 1g�,3. < is the pre�x relation on f0; 1g�,4. q1; : : : ; qn � f0; 1g�Theorem 37.2 (Rabin 1969) S2S is decidable.We later outline a proof of this powerful and di�cult result. Decidability of anumber of other theories is obtained by reducing to S2S. To name but a few:1. The second-order monadic theory of n successors, SnS, for any n 2 ! isdecidable, as well as S!S,2. The second-order monadic theory of countable linear orders is decidable,3. The theory of countable boolean algebras with quanti�cation over ideals isdecidable.38 Some Expressiveness ResultsWe here mention some of the expressiveness results relating branching time tem-poral logics to S2S.� Hafer and Thomas [24] shows that when restricted to the in�nite binarytree, CTL� is exactly as expressive as S2S with quanti�cation restricted topaths, and that ECTL� is exactly as expressive as S2S with quanti�cationrestricted to chains. For n > 2, however, SnS with quanti�cation restrictedto chains is strictly more expressive than ECTL�.� Niwinski [44] shows that a �-calculus based on powerset algebras of treesis exactly as expressive as a type of in�nite tree grammar which in turn isexactly as expressive as SnS.� H�uttel [26] shows that a �-calculus generalising F(
; �) by having n succes-sor operations is exactly as expressive as SnS up to a kind of observationalequivalence of trees.� Gabbay [19] shows the negative result that general partially ordered timestructures gives rise to an in�nity of independent temporal connectives.� Amir [1] obtains expressive completeness for some particular partially or-dered time structures in the sense that a �nite basis exists for the temporalconnectives de�nable in the �rst-order language of the structure.64



39 Tree AutomataWe identify an in�nite �-labelled binary tree with a mapping � : f0; 1g� ! �. If� = 2fq1;:::;qng we may identify such trees with model structures for S2S. Automataon trees generalise automata on words in a fairly straightforward manner.De�nition 39.1 (Tree automata) A tree automaton is a structureA = (S; S0; f a!ga2�; F )where1. S is the �nite set of states,2. S0 � S is the set of initial states,3. for each a 2 �, a!� S � S � S. Rather than a! (s1; s2; s3) we write s1 a!(s2; s3).4. F is an acceptance set to be clari�ed later.A run of A on a tree � is an S-labelled tree r : f0; 1g� ! S such that1. r(") 2 S0, and2. for each w 2 f0; 1g�, r(w) �(w)! (r(w0); r(w1))Automata on in�nite trees come in variants similar to those for automata onin�nite word:B�uchi automata: Here F � S and a successful run is a run r for which for eachpath through r some s 2 F occurs in�nitely often.Rabin automata: Here F is a �nite setF = f(RED1; GREEN1); : : : ; (REDn; GREENn)gof pairs (REDi; GREENi) with REDi; GREENi � S. A run r is successful if forall paths through r there is some i, 1 � i � n, such that1. no s 2 REDi occurs in�nitely often, and2. some s0 2 GREENi occurs in�nitely oftenSimilarly one can de�ne Muller and Streett tree automata.Exercise 39.2 1. Show thatLT;0 = f� j a occurs in�nitely oftenalong some path of �gis B�uchi (and hence Rabin) recognisable.65



2. Show that LT;1 = LT;0= f� j a occurs only �nitely oftenalong all paths of �gis Rabin recognisable.3. (Harder) Show that LT;1 is not B�uchi recognisable.4. Show that the Rabin recognisable languages are closed under union andintersection.5. Show that the Rabin recognisable languages are closed under (�1-) projec-tion: Let A be a Rabin automaton over alphabet �1 � �2. Construct aRabin automaton A1 over alphabet �1 such that A1 accepts the �1-labelledtree �1 i� a �2-labelled tree �2 exists s.t. A accepts the �1��2-labelled tree� given by � (w) = (�1(w); �2(w))for all w 2 f0; 1g�.40 Tree Automata as GamesWe outline (part of) a proof of the expressive equivalence of S2S and the Rabinrecognisable languages based on games. This approach is due to B�uchi [5, 6] andGurevich and Harrington [23]. We follow here Gurevich [22].De�nition 40.1 (Game automata) A game automaton (a tree automaton in [22],but we have already used that term) is a structureAg = (S; f(i;a)!gi2f0;1g;a2�; f a!inga2�; F )where1. S is a �nite set of states,2. for each i 2 f0; 1g, a 2 �, (i;a)!� S � S is the transition relation,3. for each a 2 �, a!in� S is the initial state table,4. F � 2S is the acceptance set.Given a tree � the game �(A; � ) is played betweenA and another player calledpath�nder. The game proceeds as follows:Initially A chooses a state s0 such that �(")! in s.The game progresses by stages. At each stage path�nder �rst chooses an i 2 f0; 1gand then A answers by choosing a state. This choice is subject to the followingrestriction. Let n � 1, and assume �(A; � ) has reached stage n. Assume:66



1. At stage n� 1, A chose sn�1.2. d1; : : : ; dn�1 is the sequence of dj 2 f0; 1g chosen by path�nder at stage j.3. At stage n path�nder chooses dn.Then the choice sn of A must satisfy:sn�1 dn;�(d1;:::;dn)! snTo ensure that A is always able to make a move we introduce a special stateFAILURE to which a transition is always possible but from which only FAILUREitself is reachable.A position in �(A; � ) is a �nite pre�x p of some play s0; d1; s1; : : : of �(A; � ). Astrategy for A in the game �(A; � ) is a map f assigning to every position of evenlength a legal state. Similarly a strategy for path�nder assigns to every positionof odd length a member of f0; 1g.The automaton A wins a play s0; d1; s1; : : : of �(A; � ) iffs j 91j:s = sjg 2 F;and otherwise path�nder wins. This is the Muller acceptance condition. Then Aaccepts � just in case A has a winning strategy in �(A; � ).Exercise 40.2 1. Show that the languages LT;0 and LT;1 above are game au-tomaton recognisable.2. Show that a language is Muller tree automaton recognisable (and henceRabin recognisable) i� it is game automaton recognisable.3. Show that a language is recognised by a deterministicMuller tree automatonif and only if for some game automaton A, A has a winning strategy whichdepends only on the last two elements of every position.We have already seen (exercise 39.2.4 and 5) that the Rabin recognisable lan-guages are closed under [, \, and existential quanti�cation. In view of exercise40.2.2 the two most important steps left to prove Rabins Theorem are to provethat emptiness of game automaton recognisable languages is decidable, and thatthe game automaton recognisable languages are closed under complementation.The fundamental tool we use to prove both results is Gurevich and Harrington'ssocalled Forgetful Determinacy Theorem.41 Forgetful DeterminacyThe complementation of game automaton recognisable languages involves thetransformation of the negation of an existential sentence67



\no strategy for A in �(A; � ) is winning"to an existential sentence\there is a winning strategy for the complemented automaton A in�(A; � )"Determinacy as in exercise 40.2 allows this transformation to be done, but (aswe should suspect by now) it is too crude. Rather we show that in order toestablish whether or not a player has a winning strategy only a bounded amountof information of the history of the game is needed. The information needed iscoded as \last appearance records".Given a position p, the last appearance record, LAR(p) is p with all but the�nal occurrences of states deleted. So for instanceLAR(s0; 0; s1; 0; s2; 1; s1) = (s0; s2; s1)Also let node(p) be p with all states deleted, so that e.g.node(s0; 0; s1; 0; s2; 1; s1) = (0; 0; 1)Now a forgetful strategy for a player is a strategy f with the property that f(p) =f(q) whenever1. p and q are positions for which it is that players turn to make a move,2. node(p1) = node(p2), and3. LAR(p1) = LAR(p2).We omit the proof of the followingTheorem 41.1 (Forgetful determinacy [23]) In any game �(A; � ) either A orpath�nder has a winning forgetful strategy. 242 ComplementationWe �rst use forgetful determinacy to prove the closure under complementation.Theorem 42.1 The game automaton recognisable languages are closed under com-plementation.Proof: Assume a given game automaton A. Forgetful strategies can be encodedas trees: Let RECORDS be the set of all �nite words u over the alphabet S withthe property that each state appears at most once in u. Let �0 be the set of allmappings g : RECORDS! f0; 1g:Clearly �0 is �nite. A �0-tree � 0 yields the following strategy for path�nder:if g = � 0(node(p)) then make the move g(LAR(p)).68



Lemma 42.2 A rejects � i� there is a �0-tree � 0 that yields a winning strategyfor path�nder in �(A; � ). 2Exercise 42.3 Prove this.We then rewrite the property\� 0 yields a winning strategy for path�nder"in a suitable fashion.Lemma 42.4 The property\� 0 yields a winning strategy for path�nder"holds i� every path "; d1; d1d2; : : : through the in�nite binary tree satis�es the prop-erty (*):For each n let wn = d1; : : : ; dn, an = � (wn), and gn = � 0(wn). Then:(*) For every run r = s0; s1; : : : of states and every sequence u0; u1; : : : of records,if 1. u0 = s0,2. a0!in s0,3. dn+1 = gn(un),4. sn dn+1;an+1! sn+1, and5. un+1 = LAR(unsn+1),then the set of all s occurring in�nitely often in r is not a member of F . 2Exercise 42.5 Prove this.The property (*) is expressible as an S1S formula � over the alphabet f"; 0; 1g��� �0, in the sense that � holds for the in�nite word("; a0; g0); (d1; a1; g1); : : :if and only if (*) does. With the aid of B�uchi's and McNaughton's theorems wecan construct a (deterministic) Muller automatonA0 = (S 0; s0; f(d;a;g)! 0gd2f";0;1g;a2�;g2�0; F 0)that recognises the language expressed by �.Let A00 be the game �� �0-automatonA00 = (S 0; f(a;g)! 00ga2�;g2�0; f(a;g)! 00inga2�;g2�0; F 0)where 69



� (a;g)! 00in (s) i� s0 (";a;g)! s, and� s (d;(a;g))! 00 s0 i� s (d;a;g)! 0 s0Lemma 42.6 � 0 yields a winning strategy for path�nder if and only if A00 acceptsthe �� �0-tree given by � and � 0. 2Exercise 42.7 Prove this.Let then A000 be the �-projection of A00. ThenA000 accepts �i� some tree � 0 yields a winning strategyfor path�nder in �(A; � )i� A rejects �and the proof is complete. 243 DecidabilityWe �nally prove the decidability of the emptiness problem for game automataand, as a consequence, of S2S.Theorem 43.1 It is decidable whether or not the language of trees accepted by agame automaton A is empty.Proof: First the general problem is reduced to that of a singleton alphabet �using projection. Thus the question is reduced to whether or not A accepts theunique �-tree � . List all forgetful strategies for A and all forgetful strategies forpath�nder. There is a �nite number of each, and one of them will be winning.Each play of a forgetful strategy against another will eventually become periodic,and it can thus be decided who will win. 2The proof of the following Theorem is very much in the spirit of the proof ofthe similar statement for B�uchi automata and S1S.Theorem 43.2 Each game automaton recognisable tree language over � = 2fX1;:::;Xngis expressible in S2S. 2Again in quite a similar manner to the corresponding proof for S1S we canthen show:Theorem 43.3 Every S2S expressible tree language is game automaton recognis-able.Proof: We have proved all necessary cases except the ground ones, which areleft as exercises. 2Thus:Corollary 43.4 (Rabin [47]) S2S is decidable. 270
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